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CHAPTER  I  -  INTRODUCTION 


1 ,  The  Field  of  Endeavor 

The  field  tunsuonly  called  Artificial  Intelligence  may,  perhaps, 
be  described  as  "The  totality  of  attempts  to  make  and  understand  machines 
that  perform  tasks  which  till  recently  only  human  beings  |,™|H  perform  and 
perform  them  with  efficiency  and  effectiveness  comparable  to  a  human." 

Thera  hag  been  a  large  amount  of  controversy  on  the  aptness  ot  the  name 
"Artificial  Intelligence"  for  the  field.  Tb»re  is  probable  some  utility 
to  this  kind  of  discussion  in  view  of  Che  general  Impression  the  name 
makes  on  the  mind  of  the  lay  public.  However,  for  the  purposes  of  techni¬ 
cal  discussion  one  may  decide  not  to  attach  any  significance  to  the  name 
apart  from  what  is  implied  by  the  definition.  This  kind  of  special  tech¬ 
nical  use  of  well-known  words  is  not  without  precedence.  One  may  recall 
the  word  "Energy"  as  used  in  Physics  or  "Group"  as  used  in  Modern  Algebra. 

The  definition  of  the  field  given  above  is  certainly  not  very 
precise.  It  has  always  been  extremely  difficult  to  define  areas  of  tech¬ 
nical  endeavors  with  precision.  However,  it  may  be  worthwhile  to  try  and 
make  some  clarifying  remarks  which  seem  called  for. 

In  the  definition,  when  one  refers  to  an  activity  performed  by 
a  human  being,  it  is  not  clear  as  to  what  aspects  of  the  activity  are  con¬ 
sidered  important.  If  a  machine  is  designed  to  play  checkers,  for  instance, 
one  can  demand  that : 

i)  it  wins  often  against  human  players, 
it)  it  produces  electroencephalograms  similar  to  humans  engaged 
in  playing  checkers, 

tii)  it  holds  and  moves  pieces  on  a  checkerboard  with  the  same 
grace  as  some  human  beings  do, 

iv)  it  makes  a  move  is  less  chan  ten  minutes. 
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IL  Di'tims  to  havs  boon  the  eaiisMimuH  ®f  the  practitioners  in  the  Field 
that  the  First  and  fourth  demand  above  should  be  made  while  the  second  and 
third  demand  should  not  be  made.  There  ia  indeed  sooic  rationale  for  such 
a  consensus.  However,  the  discussion  of  the.  rationale  will  carry  this  book 
far  from  its  purposr  as  stated  In  the  preface.  For  the  purposes  of  this 
book  any  task  under  discussion  will  be  considered  to  be  as  described  by  the 
consensus.  No  effort  will  be  made  to  justify  ttne  consensus. 

To  avoid  a  certain  unfortunate  implication  of  the  definition 
another  aspect  of  the  definition  will  also  bear  clarification:  the  inter¬ 
pretation  of  the  phrase  "till  recently".  If  the  phrase  is  interpreted  to 
refer  to  the  recent  past  at  any  future  time  of  discuasion(within  the 
period  of  relevance  of  the  book)  ,  then  the  field  of  Artificial  Intelligence 
takes  on  an  aspect  of  ephemerality  and  becomes  a  clearing  house  for  ill- 
understood  techniques.  This  is  not  intended  and  the  phrase  "till  recently" 
should  be  interpreted  to  refer,  within  the  period  of  relevance  of  this  book, 
to  the  time  of  writing  of  the  book.  Hence  when  a  machine  is  made  to  perform 
a  human  activity  for  the  first  time,  the  definition  should  not  be  taken  to 
assert  that  later  attempts  to  make  better  versions  of  the  machine  should  be 
considered  as  outside  the  field  of  Artificial  Intelligence.  Even  after  a 
machine  is  constructed  which  meets  the  specification  of  the  definition,  any 
attempts  to  make  machines  which  perform  the  some  task  by  a  different  method 
would  still  be  in  the  field.  So  would  be  theoretical  attempts  to  shed  light 
on  the  performance  of  such  machines,  since  this  might  facilitate  the  con¬ 
struction  of  machines  which  perform  other  similar  tasks. 

However  once  the  method  of  construction  of  machines  for  the 
performance  of  a  certain  class  of  human  tasks  is  well  understood,  the 
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construction  of  such  machines  would  also  be  considered  as  an  Activity  in 
some  other  field  depending  on  the  nature  ot  the  machine  as  well  ai  the 
on r nn«5  building  it. 

The  last  point  needs  discussion.  A  rather  cursory  glance 
through  the  activities  in  the  field  of  artificial  intelligence  will  reveal 
ft  number  of  different  techniques  and  purposes. 

There  have  been  some  attempts  made  at  using  digital  computer 
programs  for  finding  satisfactory  solutions  of  industrial  or  engineering 

dchigu  grub’ ■J - jpttmal  so’utlcn  -as  cither  huid  to  define  or  too 

time  consuming  to  obtain.  If  techniques  for  writing  such  programs  for 
specific  purposes  become  well-understood  and  perfected,  these  activities 
would  probably  be  considered  as  parts  of  the  appropriate  branches  of 
management  or  engineering  -  or  disaooear  altogether,  being  replaced  by  sub- 
routlne  libraries, 

There  have  been  many  digital  computer  programs  designed  [  1  ] 
to  simulate  certain  activities  of  the  human  mind.  There  have  been  slmu. 
lationo  of  groups  of  humans,  as  in  Sociological  phenomena  (including  economic 
phenomena).  There  have  also  been  simulations  of  individual  humans  finding 
solutions  of  complex  combinational  problems,  malting  deductions  from  a 
corpus  of  given  facts  or  recalling  facts  by  association.  Once  the  method 
of  design  of  such  programs  and  their  use  for  Psychological  or  Sociological 
investigation  is  well  understood,  it  may  again  be  reasonable  to  classify  such 
activities  in  Psychology  or  Sociology.  As  before,  Economics  has  been 
included  In  Sociology  for  the  purposes  of  this  discussion. 

The  state  of  formalization  of  the  field,  however,  is  such  that 
it  la  difficult  to  say  with  respect  to  a  specific  stcempt,  as  to  whether  1c 
Is  an  effort  to  simulate  human  processes  or  an  effort  to  solve  a  certain 


problem.  If  the  problem  is  one  whose  solution  is  of  immediate  applica¬ 
bility  in  technology  management  or,  one  can  even  Ignore  any  purposes  the 
attempt  serves  for  the  Psychologist  or  Sociologist  and  classify  the  attempt 
as  potentially  belonging  to  technology  or  management.  II,  however,  the 
problrtn  is  of  no  Immediate  applicability,  it  would  be  unfair  to  classify 
the  attempt  as  belonging  to  Psychology  cr  Sociology  unless  the  motivation 
for  writing  the  program  arose  from  a  psychological  or  Sociological 
interest.  Often  such  programs  are  claimed  to  have  been  designed  to  simulate 
the  way  the  p't^irr’.er  believes  he  would  attempt  to  solve  the  problem 
himself;  however,  the  motivation  in  these  cases  may  come  from  a  desire  to 
solve  the-  problem  rather  than  to  understand  human  phenomena. 

There  has  been  considerable  discussion  as  to  whether  such 
attempts  need  be  classified  as  activities  in  a  recognised  field  of  Science. 
Many  feci  that  it  may  be  easier  to  classify  them  as  recreational  activities 
of  some  clever  computer  programmers.  However,  there  have  been  many 
occasions  in  the  history  of  Science  where  the  recreational  activities  of 
Borne  people  have  led  to  Insights  that  have  enriched  Science  or  even  tech¬ 
nology  or  business:  these  computer  activities  may  well  lead  Co  such  an 
enrichment.  Study  of  the  literature  in  the  field  indicates  that  the  various 
attempts  made  at  writing  efficient  programs  for  finding  solutions  of  large 
Combinational  problems  show  some  basic  communal ity  of  approach  and  technique. 
Seml-formal  attempts  have  also  been  made  to  codify  these  similarities  into 
a  theory.  Such  study  of  empirical  attempts  and  results,  together  with 
attempts  to  unify  them  ia  becoming  an  important  branch  of  Artificial 
Intelligence.  One  may  call  this  branch,  "Theory  of  Problem  Solving". 

It  appears  that  the  time  is  not  too  far  distant  when  this  kind  of  activity  - 
a  study  of  problems  and  their  solutions  independent  of  any  psychological 


connotation*  -  will  denote  a  well  defined  area  ot  endeavor.  Apart  from 
the  appropr latent**  of  chi*  field  **  an  impnrt-*nt  subfield  of  artificial 
Intel 1 igence ,  it  may  also  be  considered  as  a  hranch  of  Computer  Science 
or  perhaps  mathematics.  In  a  less  formal  way.  this  activity  has  followed 
by  students  of  Methodology  in  Philosophy, 

By  Its  very  nature,  theory  of  Problem  Solving  is  an  applications" 
oriented  discipline..  Even  at  this  early  stage  ot  its  development,  tech¬ 
nique  and  ideas  originated  in  the  field  of  Artificial  Intelligence  has 
iound  and  promises  to  find  fruitful  applications  in  Science  and  Technology 

f  2  ] . 

"Pattern  Recognition"  is  often  considered  as  a  separate  branch 
of  Artificial  Intelligence,  although  there  haB  been  a  growing  recognition 
over  the  years  of  the  close  relationship  between  this  field  and  what  has 
been  delineated  above  as  "Theory  of  Problem  Solving".  However,  this  relation¬ 
ship  is  very  ill-understood.  One  of  the  reason*  for  this  fs  the  lack  of  a 
cleur  set  of  definitions  of  terms  used  i->  the  field  of  "Pattern  Recognition" , 
There  has  been  enough  activity  in  the  field  to  indicate  that  the  basic  idea 
deals  with  the  recognition  of  a  given  object  as  belonging  to  a  given  set 
of  objects.  This  recognition  is  only  possible  when  there  is  a  statement  (in 
some  language)  which  is  true  for  all  objects  in  the  given  set  and  Is 
false  for  all  objects  not  in  the  given  set  .  For  reasons  associated  with 
the  history  of  the  work  at  Cate,  the  set  of  object!)  will  be  called  the 
'pattcrrt"0r  'toncepf.  This  is  at  slight  variance  with  the  intuitive  use  of 
the  term 'pattern."  One  often  uses  the  term  to  denote  the  description  of  the 
set  or  those  statements  about  the  recognixable  object  which  implies  the 
description.  For  the  purposes  of  the  book,  the  words  pattern" and" concept" 
will  stand  for  the  set  of  objects, 
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A  perusal  of  Che  usages  In  Che  field  indicates  that  a 


"pattern  recognizer"  Is  a  machine  which  can  form  the  description  of  a 
pattern  whan  presented  with  a  small  number  of  objects  In  the  pattern. 

The  term  "pattern  learning"  will  be  used  in  this  book  for  the  activity, 
reserving  "recognition"  for  the  much  simpler  activity  of  recognizing  whether 
an  object  belongs  to  a  pattern  with  a  given  description. 

While  i'  osl  activities  in  the  other  fields  of  Artificial 
Intelligence  have  been  carried  out  with  the  aid  of  digital  computers,  a 
considerable  am  unt  of  the  work  in  Pattern  Recognition  has  used  the  aid 
of  other  devices.  The  u.'.-a  of  adaptive  threshold  logic  elements  was  one  of 
the  first  steps  taken  in  this  field  of  endeavor.  By  now  the  original 
uproar  regarding  the  neuro-physiological  significance  of  such  devices  has 
subsided.  However,  threshold  logic  (adaptive  or  otherwise)  remains  an 
interesting  area  of  study  in  the  field  of  switching  theory.  It  is  possible 
that  a  theory  of  "neural  networks"  based  on  such  devices  will  have  a  strong 
influence  on  the  theory  of  p-ttern  recognition;  however,  such  a  possibility 
seems  remote  at  present. 

In  what  has  gone  above  we  have  made  an  attempt  to  subdivide 
the  field  of  Artificial  Intelligence,  Almost  the  entire  content  of  this 
book  deals  with  the  area  designated  as  "Theory  of  Problem  Solving" .  Since 
Pattern  Recognition  (studied  as  a  computer  algorithm)  is  very  closely 
related  to  this  area,  pattern  recognition  will  also  be  discussed  at  length. 

The  approach  that  will  be  used  may  be  described  as  Systems 
Theoretic.  A  model  for  problem  situations  will  be  set  up  using  certain 
abstract  and  quite  elementary  set  theoretic  concepts.  In  its  abstract 
form,  such  a  model  can  be  looked  upon  as  a  generalized  definition  only; 
tht;  model  does  not  appear  to  contain  indications  of  what  might  be  considered 


to  be  methods  of  solving  the  problem.  To  obtain  such  indications,  certain 
further  structures  would  have  to  be  assumed.  Stating  the  matter  another 
way,  one  may  say  that  the  minimal  structure  needed  for  defining  a  problem  is  not 
sufficient  to  define  methods  of  solution.  Various  forms  uf  extra  struc¬ 
tures  can  be  introduced  as  fools  for  the  discussion  of  methods  of  solution. 

In  this  book  only  one  such  structure  has  been  chosen.  The  reason  for  thiB 
choice  is  historical  -  in  that  this  was  the  first  structure  that  occured 
to  the  school  of  investigators  whose  work  is  presented  here. 

The  resulting  model,  embodying  the  model  of  problems  with 
certain  extra  structures,  i3  almost  identical  with  the  model  of  problems 
envisaged  in  the  General  Problem  Solver  developed  by  Newell,  Simon  and 
Shaw.  However  although  the  model  as  it  stands  is  sufficient  for  the  begin¬ 
nings  of  a  discussion  of  solution  methods,  this  advantage  was  not  uued  by 
the  originators  of  the  General  Problem  Solver.  Instead,  a  specific  method 
of  solution  was  developed  ar.d  studied,  but  never  described  with  adequate 
precision. 

It  has  been  argued  hat  the  mere  existence  of  cn  abstract 
model  for  solution  methods  is  of  no  value.  What  is  crucial  is  an  adequate 
description  of  the  problem  which  makes  it  amenable  to  Che  solution  method. 

The  argume"*-  is  perfectly  valid  in  so  far  as  it  says  that  abstract  sets 
do  not  have  sufficient  structures  for  the  study  of  any  specific  solution 
method.  However,  the  argument  does  not  imply  (as  it  is  often  made  to 
imply)  that  one  therefore  should  not  use  o  precise  theoretical  approach  to 
describe  solution  methods.  This  false  implication  has  led  to  the  use  of 
intuitive  and  imprecise  descriptions  of  solution  methods.  It  is  hard  to 
make  any  judgement  as  to  whether  this  has  been  of  advantage  or  of  disadvan¬ 
tage  to  the  field.  However  at  the  present  state  of  the  art  an  effort  at 
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making  one's  discussions  precise  end  mathematically  correct  promises 
immediate  returns;  in  case  of  communication  and  documentation  of  ideas 
and  results,  in  quick  evaluation  of  basically  erroneous  ideas  -  and  perhaps 
also  in  siding  Innovations  by  interaction  with  related  fields. 

If  one  considers  the  major  part  of  the  argument  against 
precise  models  of  solution  methods,  one  is  forced  to  agree  that  a  problem 
formulation  to  be  meaningful  oust  have  with  It  an  adequate  representation 
of  the  problem  in  some  language.  This  is  in  no  way  at  variance  with  the 
basic  tenets  of  systems  theory.  It  la  clear  that  no  specific  problem  can 
be  formulated  unless  the  sets  associated  with  the  problem  arn  adequately 
described  in  some  language.  Indeed,  the  effectiveness  of  this  language  of 
description  turns  out  to  be  easy  to  discuss  in  terms  of  its  efficiency  in 
describing  the  sets  associated  with  the  solution  nethods.  But  this  needs 
precise  definitions  of  the  associated  sets. 

The  above  discussion  Indicates  another  important  belief  on 
which  this  book  1b  based.  A  meaningful  theory  of  problems  and  their  solu¬ 
tion  should  include  or  have  close  relationships  with  a  theory  of  descrip¬ 
tions  and  description  languages.  Such  a  theory  will  be  discussed  in  this 
book,  together  with  a  model  for  problems  and  some  models  for  problem  solu¬ 
tion. 

It  is  not  claimed  here  that  either  the  models  of  problems  and 
solutions  or  the  theory  of  descriptions  as  they  stand  at  present  are 
adequate  for  the  purposes  of  Artificial  Intelligence.  However,  a  belief 
is  Inherent  that  any  meaningful  theory  of  problem  solving  must  include  such 
precise  models  and  theories. 
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2.  Outline  of  the  Basic  Models 

The  present  book  will  deal  with  models  of  problems  and  two- 
person  games.  Both  of  these  will  be  specialization  of  a  general  model  dis¬ 
cussed  by  Marino  [  3  ],  This  model  can  be  looked  upon  as  a  general  model  of 
control  systems  in  addition  to  that  of  problems  and  games. 

Basically,  one  is  given  a  set  of  objects  which  are  called 
"states"  in  control  theory  and  may  be  called  "situations"  in  the  theory 
of  problems  and  games.  In  addition,  there  are  two  other  sets,  whose 
elements  will  be  called  "controls"  and "disturbances" .  riven  a  control 
paired  with  a  disturbance,  certain  situations  are  changed  to  other  situa¬ 
tions.  The  modes  of  such  changes  are  pre-specif led.  A  certain  Bet  of 
situations  have  their  elements  labelled  as  desirable  or  "winning  situations"  , 
Given  a  situation,  the  control  problem  Ib  generally  stated  as  the  problem  of 
finding  a  control  such  that  no  matter  what  disturbance  it  is  paired  with, 
the  resulting  situation  is  a  desirable  one. 

When  a  real  control  problem  is  posed  in  such  abstract  terms  one 
often  finds  that  the  set  of  controls  and  the  set  of  disturbances  are  so 
intractable  that  an  appropriate  control  1b  practically  impossible  to  choose 
among  the  host  of  possibilities.  Fortunately,  most  real  problems  impose 
certain  extra  properties  on  the  situations,  controls  and  disturbances. 

Many  have  the  property  that  the  control  and  the  disturbance  sets  are 
"generated"  by  a  more  tractable  set  of  elements.  This  will  be  made  precise 
later.  For  the  present  purpose  one  may  say  roughly  that  each  control  is  a 
sequence  of  "elementary"  controls  and  each  disturbance  is  a  sequence  of 
"elementary"  disturbances.  The  problem  then  reduces  to  that  of  finding 
a  sequence  of  elementary  controls  such  that  no  matter  what  elementary  dis¬ 
turbance  is  paired  with  each  elementary  control,  the  final  result  of  the 
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sequence  of  pairs  is  a  winning  situation.  This  problem  may  be  called  the 
problem  of  finding  an  "open  loop  controller". 

One  difficulty  often  arises  with  such  a  specification  of  the 
problem  -  a  difficulty  which  is  often  ignored  in  control  problems  but  is 
of  supreme  importance  in  games.  The  difficulty  arises  because  all  elemen¬ 
tary  controls  may  not  be  applicable  to  all  situations.  As  a  result,  a 
sequence  of  elementary  controls  cannot  be  chosen  which  will  be  applicable 
irrespective  of  what  elementary  disturbance  they  got  paired  with. 

One  can  get  around  this  difficulty  by  asking,  not  for  a  control 
sequence,  but  for  a  "control  strategy".  A  strategy  is  an  initial  decision 
on  the  control  to  be  used  at  each  situation,  any  time  the  situation  arises. 
Given  a  certain  situation,  one  decides  on  the  control  dictated  for  the  situa¬ 
tion  by  the  strategy.  Depending  on  the  disturbance  that  is  paired  with 
this  control,  a  new  situation  arises.  A  new  control  is  then  dictated  for 
the  new  situation  by  the  strategy  and  the  process  is  repeated.  If  such  a 
sequence  ultimately  results  in  a  winning  situation  Irrespective  of  the 
disturbance,  the  strategy  la  called  a  "winning  strategy".  The  finding  of  a 
"winning  strategy"  la  analogous  to  finding  a  "closed  loop  controller". 

The  idea  of  a  strategy  essentially  envisages  a  Bellman-type 
embedding  of  a  problem  in  a  larger  problem  [4  ]•  It  is  of  advantage  even 
in  cases  where  it  is  inessential  -  that  is,  when  the  applicability  of  con¬ 
trols  are  independent  of  the  situation.  Moreover,  it  is  well-known  that 
in  some  control  problems  one  cannot  build  an  open  loop  controller  while  a 
closed  loop  controller  can  be  built. 

The  general  model  of  control  situations  can  be  specialized  to 


yield  some  special  classes  of  the  so-called  problem-situations.  MeBarovic  (5  ) 
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has  classified  problems  into  various  types  one  of  which  is  as  follows: 
"Given  a  set  S,  subsets  T  and  H  of  S  and  a  set  of  functions  F  such  that 
each  element  of  F  asps  3  Into  S,  to  find  a  member  of  F  which  maps  each 
element  of  H  into  some  element  of  X" . 

When  one  defines  a  real  problem  in  this  framework,  one  faces 
tike  same  kind  of  difficulty  as  in  the  case  of  Che  control  problems. 
Mesarovic  had  pointed  out  in  hiB  paper  that  the  set  F,  to  be  tractable, 
should  be  "constructively  defined".  Wlndeknecht  [  (,  ]  assumed  a  specific 
constructive  structure  of  F  by  assuming  that  elements  are  obtained  by 
composing  functions  from  a  finite  set  Fq  of  functions.  He  also  stipulated 
that  the  elements  of  FQ  were  partially  defined  over  S,  so  that  the  compo¬ 
sition  operator  defined  a  partial  semigroup  rather  than  a  semigroup.  H  waB 
considered  as  a  unit  set.  Tills  model  will  be  followed  in  this  book  except 
that  for  the  purposes  of  this  book  it  will  not  be  assumed  that  Fq  is  a 
finite  set. 

If  a  problem  is  defined  in  the  manner  given  in  the  above  para¬ 
graph,  one  sees  a  clear  relationship  between  this  radel  of  a  problem  with 
the  model  formulated  by  Marino.  If  in  the  model  of  Marino  the  set  of 
elementary  disturbances  be  a  unit  set  (whose  element  may  be  called 
"inaction")  then  each  elementary  control  defines  a  map  from  situations 
to  situations  and  can  be  taken  to  be  members  of  Fq.  This  analogy  will  be 
pursued  rigorously  in  the  next  chapter. 

The  model  of  problems  discussed  here  is  also  very  closely 
related  to  the  model  used  In  the  General  Problem  Solver.  In  this  latter 
model  one  is  given  a  set  of  situations  and  a  set  of  transformations  each 
of  which  changes  some  situations  to  some  other  situations.  One  is  supposed 
to  change  a  given  situation  into  another  given  situation  (the  "goal")  by 
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applying  a  sequence  of  transformations.  The  point  at  which  the  model  of 
the  general  problem  eolver  dlffera  from  tha  model  envisaged  in  this  book 
lies  in  the  introduction  of  a  set  of  goals  (winning  situations)  Instead 
of  a  single  one.  This  difference  is  not  merely  a  matter  of  generalization. 

It  will  be  shown  in  the  next  chapter  that  in  some  of  the  specific  cases 
handled  by  the  general  problem  solver*  one  is  actually  Interested  in  a  set 
of  goals  rather  than  a  single  goal.  This  has  become  evident  especially  in 
view  of  some  recent  extensions  [  7  ]  of  the  original  CPS , 

At  this  point  no  attempt  will  be  made  to  discuss  the  major  part 
of  the  General  Irobleffl  Solver  which  dealt  with  methods  for  finding  solutions 
to  problems.  This  will  be  done  later.  For  the  purpose  of  the  present 
section,  it  would  be  more  Important  to  point  out  how  the  model  proposed  by 
Marino  can  be  reduced  to  the  model  of  a  two-person  game. 

If  the  extended  form  of  a  tero-aum  two  person  game  of  the 
von  Neuman  Morgenetern  type  [  8 ]  be  restricted  to  have  pay-off  functions 
whose  values  are  only  1,  -1,  then  such  games  can  readily  be  shown  to  be 
representable  by  a  special  class  of  Marino-type  models.  In  these,  one 
fixes  a  specific  elementary  control  and  a  specific  disturbance,  each  called 
"inaction".  It  may  then  be  specified  that  in  each  situation  either  the 
control  inaction  or  the  disturbance  inaction  is  applicable,  but  not  both. 

This  introduce*  the  concept  of  the  player's  move  and  the  opponent's  move. 

Also  a  further  axiom  can  be  introduced  if  necessary  forcing  the  player  and 
the  opponent  to  move  alternately. 

The  above  model  can  be  made  to  represent  sn  N-person  game  in 
that  the  disturbances  may  be  considered  to  be  the  result  of  the  joint  action 
of  n-1  players.  However,  since  such  an  assertion  sheds  no  light  on  the 
behaviors  of  the  separate  n-1  players  (with  respect  to  coalitions  and  related 
phenomena),  this  assertion  will  not  be  made  seriously  here. 
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However,  the  model  here  ts  not  »o  specific  as  not  to  include 
games  with  Incomplete  information .  One  need  not  construe  the  elements  of 
S  as  embodying  the  entire  information  regarding  the  past  of  the  game.  As 
a  matter  of  fact  it  will  be  noticed  that  in  the  present  model  the  entire 
past  is  not  embodied  in  a  situation.  Unlike  in  vpn-Neuman's  model  of  extended 
gomes,  the  present  model  is  not  a  tree,  but  an  automaton  (nr  »  labelled 
directed  graph).  One  can  carry  this  process  a  step  further  and  consider  e 
situation  as  the  "state  of  information"  of  a  player,  i.e.  a  subset  cf  the 
set  of  "actual  situations".  It  would  not  be  too  difficult  to  show  how 
a  game  with  incomplete  information  can  be  converted  into  a  "larger"  game 
fwich  a  larger  number  of  situations)  with  complete  information  -  in  a  way 
analogous  to  converting  a  uon-deterministic  automaton  to  a  deterministic 
automaton.  However,  this  generalization  does  not  shed  any  further  light 
on  the  methods  of  solution  in  the  abstract,  and  will  not  be  pursued  further 
in  this  book. 
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3 .  A  Set -Theoretic  View  of  Pattern  Recognition 

The  main  purpose  of  this  book  will  ba  to  consider  certain 
methods  for  finding  aulutiona  to  problem*  and  game*  and  their  relationship 
to  pattern  recognition.  This  reiationihip  can  be  discussed  in  a  clear 
matmar  if  both  the  activities  (problem-solving  and  pattern  recognition) 
can  be  dlacueeed  within  the  same  mathematical  framework,  Aa  has  been  said 
before,  the  framework  of  elementary  sat  theory  will  be  used  in  thle  book. 

In  their  easence,  the  method*  of  problem  aolving  will  be  taken 
to  atem  from  the  existence  of  cartaln  basic  subsets  of  S  associated  with  a 
problem  or  game.  Some  such  seta  (like  the  winning  situation!,  or  the  domain 
of  applicability  of  different  controls,  etc.)  are  provided  by  the  rules  of 
the  game  ltaelf.  Certain  others  are  suggested  by  the  idea  of  a  solution. 

To  see  thia  roughly  (detailed  dlacuaaiona  will  appear  later)  one  can  imagine 
that  one  person  who  knows  the  solution  of  the  problem  for  every  initial 
situation  intends  to  transfer  to  someone  else  hla  knowledge.  For  every 
specific  control  he  will  have  to  define  the  set  of  aituations  in  which 
that  control  is  to  be  uaad.  These  are  one  class  of  sets  associated  with 
the  idea  of  solution,  Other  seta  associated  with  the  idea  of  solutions 
will  be  considered  in  the  next  chapter.  Meanwhile,  it  is  crucial  to  make 
the  point  that  in  all  cases  of  interest  the  set  S  of  situations  is  extremely 
large,  Hence  those  sets  cannot  be  exhibited  by 

any  practicable  enumeration  technique.  It  ia  this  difficulty  which  holds 
up  efforts  at  problem  solving. 

However,  the  difficulty  may  not  be  unsurmountable .  It  may 
be  recalled  that  although  the  set  of  situations  is  large,  no  difficulty 
arises  about  its  enumeration.  Any  chess  player  can  recognise  a  chess 
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position  as  a  chess  position.  Similarly,  the  ser  of  all 
mates  never  have  to  be  enumerated  either  -  a  mate  is  easily  recognisable 
when  it  occurs.  The  rules  of  the  game  give  us  the  controls,  disturbances 
and  winning  situation,  not  euUutcr  airoPE?  out  as  uesc12.pt ions-'  — ■ 
methods  by  which  members  of  these  sets  can  be  recognised  when  they  arise. 
Similarly  any  solution  method,  to  be  practicable,  must  be  expressed  in 
terms  of  the  dower ip Cion*  of  Hie  wets  associated  with  the  solution  methods. 

The  difficulty  lies  with  the  word  "practicable".  The  prac¬ 
ticability  of  a  strategy  is  strongly  dependent  on  the  language  one  uses  for 
the  description  of  the  sets  associated  with  the  solution  methods.  One  can 
change  the  language  of  description  to  change  the  practicability  of  various 
solution  methods. 

or  problem 

The  difficulty  of  finding  a  solution  of  a  garac/lles  in  the  fact 
that  the  language  which  Is  needed  for  practicable  descriptions  of  the  sets 
associated  with  tne  solution  method  is  seldom  identical  to  the  one  used  in 
describing  its  rules,  i.e.  the  controls  and  the  winning,  losing 
and  draw  situations.  Ideas  regarding  description  languages  is  crucial  here  - 
as  they  are  In  any  adequate  theory  of  pattern  recognition.  In  what  follows, 
an  approach  to  the  formal  definition  of  such  terms  as  "description", 
"description  language",  "pattern",  etc.  will  be  given. 

As  stated  previously  in  Section  1,  a  pattern  may  be  defined 
as  a  6et  of  objects.  One  can  consider  the  pattern  of  all  the  letters  "A" 
projected  on  an  array  of  photo-cells,  the  pattern  of  all  checker  positions 
showing  satisfactory  center  control  [  9  ],  the  pattern  of  all  sets  of 
theorems  from  which  a  desired  theorem  can  be  obtained  by  Modus  Ponem;  fio). 

It  will  be  worthwhile  to  realize  at  the  outset  that  when  one 
trle6  to  develop  a  language  for  describing  a  class  of  patterns,  one  cannot 
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seriously  mean  to  be  able  to  describe  the  class  of  ail  patterns  (if  one 
tries,  one  faces  immediate  dilemmas  like,  "Do  the  set  of  all  paterns  which 
arc  not  elements  of  themselves  form  a  pattern?") .  The  clao#  of  patterns 
has  to  be  restricted.  The  initial  restriction  that  will  be  made  here  will 
be  to  a  class  oi  subsets  of  a  given  sat,  which  We  shall  call  the  Universe 
of  discourse  or  simply  the  Universe,  By  definition,  any  object  will  be 
taken  to  belong  to  the  Universe. 

If  the  universe  is  finite,  one  can  consider  any  subset  of  it 
to  be  described  by  a  list  of  its  elements;  but  if  the  subset  (or  pattern) 

Is  large,  one  cannot  call  such  a  description  practicable.  One  has,  at  this 
point,  to  make  some  further  restrictions  >  to  assume  some  further  structure 
for  the  universe. 

Without  too  ouch  loss  of  realism,  one  can  make  the  assumption 
that  there  are  certain  general  statements  one  can  make  about  elements  of 
the  universe  whose  truth  can  be  tested  easily  for  any  specific  element  of 
the  universe.  Such  statements  will  be  called  "Predicates"  in  keeping  with 
literature  in  Symbolic  Logic  [  16].  The  assumption  will  be  that  in  addition 
to  the  universe,  one  is  also  given  a  set  of  predicates. 

It  has  already  been  indicated  that  the  description  of  a  pattern 
yields  a  procedure  which  has  the  following  property;  given  sn  element  of  the 
universe,  the  application  of  the  procedure  determines  whether  the  element 
belongs  to  the  pattern  or  not.  Clearly  any  pattern,  each  of  whose  elements 
satisfy  a  given  predicate  (which,  in  turn,  la  satisfied  only  by  the  elements 
of  the  pattern)  is  descrlbable  by  that  predicate.  One  can  say,  therefore, 
that  our  assumption  has  led  us  to  a  class  of  patterns  which  are"easlly  des¬ 
crlbable"  in  the  sense  that  their  descriptions  are  embodied  by  single  pre¬ 
dicates  whose  truths  are  easily  tested  for. 
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We  can  take  the  easily  describable  class  of  patterns  as 
forming  the  generators  of  a  Boolean  Algebra.  The  class  of  dcscrlbablc 
patterns  may  be  restricted  to  the  elements  of  this  Boolean  Algebra.  If 
one  does  this,  one  may  make  the  rather  trivial  statement  that  a  descrip¬ 
tion  language  which  incorporates  Che  initial  predicates  and  uses  the  logical 
connectives  of  "or",  "and",  "not",  "implies",  etc,  will  be  able  to  describe 
any  element  of  the  class  of  patterns  under  consideration. 

The  major  problem,  however,  is  not  so  much  of  the  possibility 
of  description,  but  of  the  efficiency  of  description.  One  needs  descrip¬ 
tions  where  the  elementary  predicates  are  combined  in  such  a  way  that  the 
resulting  statements  are  not  inordinately  long.  Also,  one  needs  the  state¬ 
ments  to  be  such  that  their  truth  and  falsity  can  be  tested  for  without  an 
inordinate  amount  of  processing.  This  once  more  restricts  the  class  of 
easily  describable  patterns. 

Logical  connectives  are  not  Che  only  means  by  which  the 
initial  predicates  can  be  combined.  A  large  amount  of  work  has  gone  into 
combining  predicates  by  threshold  gates  [17],  for  instance.  The  patterns 
which  yield  short  descriptions  through  single  applications  of  threshold 
logic  form  a  sub-class  of  Che  class  of  all  describable  patterns.  All  des¬ 
cribable  patterns  can  be  described  by  more  than  one  application  of  thres¬ 
hold  logic. 

One  can  in  an  informal  way  define  a  description  language  to 
consist  of  a  set  of  initial  predicates  and  a  set  of  connectives  or  modes  of 
combination  which  can  be  used  to  combine  the  initial  predicates  to  yield 
descriptions  of  describable  patterns.  The  class  of  patterns  easily  des¬ 
cribable  by  a  given  description  language  depends  on  the  description  lan¬ 


guage  . 
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The  class  of  patterns  whom  elements  are  to  be  described  1c 
detercined  by  the  problem  which  necessitates  the  recognition  of  elements  of 
the  patterns  In  tne  class.  The  basic  problem  then  reduces  to  the  following, 
"Given  a  c’ass  of  patterns,  to  develop  a  description,  language  which  yields 
short  and  easily  procesRable  descriptions  for  all  patterns  in  the  class." 

At  the  present  time  no  practicable  method  for  the  solution  of 
ouch  a  problem  has  been  developed  (as  a  matter  of  fact  solution  methods 
for  very  few  problems  have  been  developed).  However,  a  study  of  the  prob¬ 
lem  in  its  formal  espect  indicates  the  need  for  a  uniform  model  of  descrip¬ 
tion  languages  in  which  different  description  languages  can  be  embedded. 

This  enables  changing  one  language  to  another  -  a  definite  necessity  for 
the  specification  of  the  oasic  problem  itself.  In  what  follows  some  of  the 
basic  building  blocks  for  a  generalized  description  language  of  this  kind 
will  be  specified. 

Initially,  some  structure  will  be  assumed  for  the  predicates 
of  the  language.  It  will  be  assumed  that  each  specifies  the  result  of  a 
teat  performed  on  an  element  of  the  universe.  In  effect,  the  test  is  a 
mapping  from  the  universe  to  the  set  of  results.  The  kernel  of  this  map 
(an  equivalence  relation)  induces  a  partition  on  the  universe.  The  elements 
of  this  partition  are  mapped  one-to-one  onto  the  set  of  resultB.  The  image 
of  each  element  of  the  partition  under  this  map  will  be  called  the  "name" 
of  tne  element. 

One  can  thus  make  two  equivalent  statements  about  an  element 
u  of  the  universe:  (1)  "The  result  of  performing  test  P  on  u  is  p^"  or 
(2)  "u  belongs  to  the  element  of  the  partition  P" .  For  historical 
reasons  the  second  form  of  the  statement  will  be-  adhered  to. 
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With  the  basis  made  above  one  can  define  a  pattern  as  either  an 
element  of  a  partition  or  obtained  from  other  patterns  by  set  theoretic 
operations.  In  what  follows  each  partition  will  be  called  an  input  property 
and  the  elements  of  a  property  will  be  called  its  values. 

Any  act  of  pairwise  disjoint  patterns  whose  union  covers  the 
universe  will  also  be  called  a  property,  fly  definition,  any  input  property 
is  a  property,  but  not  conversely. 

An  object  is  a  pattern  which  is  either  contained  in  or  disjoint 
from  any  value  of  any  input  property.  It  can  be  shown  quite  readily  that 
an  object  is  either  contained  in  or  disjoint  from  values  of  all  properties. 
It  can  further  be  seen  that  an  object  is  an  intersection  of  a  class  of 
values  of  input  properties.  They  can,  therefore  be  represented  by  a  list 
of  pairs  of  names,  each  pair  consisting  of  the  name  of  a  value  and  the 
name  of  the  property  to  which  the  value  belongs.  For  example,  a  typical 
object  might  be  "(P^  p.3;  P2 ,  p^;  P3>  »33>". 

Any  pattern  can  be  described  by  a  Boolean  expression  involving 
values  or  a  statement  involving  predicates  of  the  form  P(u)  -  p  where  P  is 
an  input  property.  The  problem  of  finding  the  simplest  expression  des¬ 
cribing  a  pattern  is  a  problem  closely  analogous  to  finding  the  simplest 
expression  for  a  switching  function  (as  can  be  seen,  switching  functions 
are  special  cases  -  each  input  property  has  two  values).  The  solution 
depends  basically  on  what  one  means  by  "simple"  and,  as  in  the  case  of 
switching  function,  the  solution  can  be  found  only  for  some  restricted 
definitions  of  simplicity. 

Very  often,  after  the  simplest  de  cription  is  found  for  a  pattern, 
this  "simplest'"  description  is  still  so  complex  as  to  be  unusable.  At  this 
point  one  can  hope  to  find  simpler  descriptions  if  ones  uses  properties 
other  than  iv-put  properties  in  the  description.  To  do  this,  one  needs  to 
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allow  prvdi.uai.ww  of  the  form  u  c  K  where  K.  It  the  value  of  some  property 
other  than  an  input  property.  Of  course,  to  use  such  a  description  one 
needs  to  invoke  the  description  of  K  as  a  pattern.  One  thuB  obtains  the 
analog  of  the  Ashenhurst  decomposition  [IS]  of  a  Boolean  function.  In  a 
later  chapter  some  of  the  techniques  and  terminologies  associated  with 
these  problems  will  be  discussed. 

The  literature  in  the  field  of  pattern  recognition  indicates 
that  the  only  kind  of  switching  functions  that  have  found  use  in  the  field 
are  those  expressible  as  conjunctions  and  as  threshold  exprer.sions .  The 
largest  effort  in  the  field  is  spent  on  finding  the  "useful"  properties  that 
render  the  pattern  expressible  in  one  of  these  simple  forms.  Unfortunately, 
there  is  no  uniform  method  for  expressing  the  processes  that  yields  values 
of  these  useful  properties.  If  one  considers  the  problem  with  the  sec- 
theoretical  bias  inherent  in  this  book,  a  rather  interesting  uniformity 
emerges.  One  often  finds  that  these  processes  yielding  the  values  of  the 
useful  properties  really  process  the  names  rather  than  the  denotations  of  the 
input  properties  and  their  values. 

There  will  be  later  occasions  to  discuss  this  kind  of  process¬ 
ing  for  some  seemingly  realistic  situations.  For  the  present  one  can  con¬ 
sider  the  following  rather  artificial  example,  which  is  based  on  a  rather 
well-known  example  used  by  Bruner  [19]. 

Let  the  universe  consist  of  the  9  configurations  shown  in 
Figure  1.1.  We  shall  call  the  atomic  objects  of  this  universe  1,2,,,. 9 
for  convenience,  as  shewn  in  the  figure.  Formally,  the  universe  will  have 
two  input  properties,  whose  names  will  be  "crosses"  and  "borders".  (One 
could  denote  these  properties  by  and  P2  in  keeping  with  the  definitions. 
However,  since  the  future  discussions  will  be  heavily  dependent  on  the  names, 


(1) 


(2) 


(3) 


Fig.  1.1 


A  simple  universe  illustrating  the  use  of  non-input  properties 
and  the  usefulness  of  processing  names  rather  than  denotations  of  values. 
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this  may  be  as  good  a  place  as  any  to  introduce  names  which  have  greater  struc 
ture  than  abstract  synbols,  Each  of  the  properties  have  three  values  which 
shall  have  "one",  "two"  and  "three"  as  names. 

To  give  intuitive  meaning  to  these  properties  and  values, 
let  the  set  [1,4,7}  be  the  value  "one",  of  the  property  "crosses".  Similarly 
let  (4,4,6}  be  the  value  "two"  of  the  property  "borders". 

this  universe  has  the  convenient  property  that  every  distinct 
atomic  object  is  the  member  of  a  distinct  and  unique  object.  Ab  a  result, 
every  subset  of  the  universe  is  a  pattern.  For  the  purposes  of  the  present 
discussion,  the  pattern  (4,7,8}  =  A  (say)  may  be  considered.  This  set  will 
be  described  in  three  different  ways:  one  using  only  input  properties,  one 
by  using  properties  other  than  input  properties,  one  by  using  relationships 
between  names  of  the  values  of  properties.  This  will  be  done  to  illustrate 
the  three  methods,  rather  than  to  exhibit  the  difference  in  their  efficiency 
&8  description  methods.  Such  difference  can  be  exhibited  conclusively 
only  for  larger  universes;  examples  will  be  given  later  when  the  description 
language  is  introduced  formally. 

One  could  describe  the  pattern  A  formally  by  the  statement: 
xe  A  =  (crosses(x)  =  one)^  ((borders(x)  =  two)  (border s(x)  =  three)) 
y  ((  croases(x)  a  two) (borders (x)  =  three  )) 

involving  only  predicates  of  the  type  P(u)  *  p. 

The  pattern  A  could  also  be  described  with  statements  of  the 
type  ue  K  as  follows 
xe  A  5  (xe  B)4  (xe  C) 

xe  B  s  (crosses(x)  =  one)\/(cro8se8(x)  =  two) 
xe  C  =  (figures(x)  ==  one)/  (borders(x)  =  three) 
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This  form  of  description  is  of  advantage  only  if  the  patterns  B  and  C  can 
be  involved  in  the  description  of  many  patterns  other  than  A. 

In  many  existing  pattern  recognition  schemes,  the  switching 
function  for  a  pattern  is  restricted  to  have  some  specific  form.  For 
instance  it  nry  be  restricted  to  have  a  form  realisable  by  a  single  thres¬ 
hold  gate.  If,  for  example,  one  makes  the  restriction  that  A  be  described 
by  a  minterm  expression,  the  second  description  above  would  be  according  to 
such  a  restriction.  The  patterns  B  and  C  would  be  "useful"  features  for 
describing  A.  In  most  cases  such  features  are  obtained  by  processing  the 
names  of  the  values  of  Che  input  properties  and  not  in  the  form  of  a 
Boolean  Expression  as  done  here.  It  is  desirable  for  the  sake  of 
uniformity  and  flexibility  of  the  description  language,  however,  to  express 
such  preprocessing  of  names  in  the  same  format  as  other  descriptions. 

To  illustrate  such  a  format  a  third  alternative  description  for 
the  pattern  A  above  will  be  exemplified.  This  example  will  take  advantage 
of  the  fact  that  the  names  of  the  values  of  the  two  properties,  "crosses" 
and  "borders",  come  from  the  set  of  numerals  and  the  concept  A  can  be  des- 
scribed  in  English  by  saying  "In  any  clement  of  A,  the  number  of  crosses  is 
lesB  than  the  number  of  borders".  The  description  language  will  need  some 
method  for  expressing  the  relation,  "less  than".  It  will  be  shown  later 
how  a  relation  can  be  expressed  as  a  pattern  in  the  universe  of  ordered 
n-tuples.  This  involves  the  introduction  of  several  new  universes.  For 
the  present  purpose,  only  one  new  universe  needs  be  evoked.  This  will  be 
evoked  to  enable  the  expression  of  the  symbols  "one",  "two"  and  "three" 

(the  names  of  the  values  of  the  properties  crosses  and  borders)  as  their 
binary  counterparts.  Each  numeral  will  have  two  properties,  "head"  and 
"tail",  standing  for  the  twos  place  and  the  ones  place  of  their  binary 
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expansion.  The  values  of  both  these  properties  will  be  called  F  and  T. 

The  numeral  "two"  for  example  will  take  the  form  (head,  T;  tall,  F)  . 

With  this  new  universe  in  mind  one  can  describe  Che  pattern 

>  *  rju  i_  kJ  x.  k.  V?*  53 

xc  A  S  (head(border (x))  =  l)^((head(cro8ses(x)}  -  0 

\J  ((tail(borders(x))  l^(tail(crosBes(x))  =  0))) 

As  before,  the  advantage  of  such  a  description  becomes  clear  only  in  those 
cases  where  the  universes  Involved  are  much  larger.  There  will  be  later 
occasion  to  discuss  this.  It  may,  however,  be  pointed  out  at  this  point 
that  even  where  such  an  advantage  is  obtainable,  It  is  obtained  at  the 
expense  of  making  the  objects  of  the  universe  more  complicated  (imbuing 
the  universe  with  greater  structure).  For  example,  as  long  as  we  used  the 
symbols  "one",  "two"  and  "three"  as  values  of  crosses  and  borders,  a 
typical  object  (6, say)  of  the  universe  would  be  (crosses,  two;  borders, 
three).  When  the  values  themselves  are  construed  to  come  from  thu  structured 
universe  of  binary  numerals,  the  same  object  becomes  (figures,  (head.T ;tail ,F) ; 
borders, (head ,T; tail ,T)) . 

The  relationship  between  the  richness  of  the  description  lan¬ 
guage  and  the  facility  of  problem  solving  will  be  discussed  through  some 
examples  in  later  chapters.  The  present  section  can  be  brought  to  a  close 
with  Che  following  remarks. 

So  far  discussions  have  been  limited  to  descriptions  of  patterns. 
Given  a  description  language  one  wants  to  construct  a  processor  which  can 
operate  on  objects  to  determine  whether  they  are  contained  in  any  given  pattern. 
This  presupposes  certain  restrictions  on  the  language.  For  instance  if.  the 
language  is  strong  enough  to  describe  recursively  enumerable  sets  of  objects, 
no  processor  of  assured  ability  can  be  built. 
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Even  assuming  that  one  has  a  language  vh  ich  enables  the  con¬ 
struction  of  the  corresponding  processor,  this  would  not  solve  the  problem 
of  "pattern  recognition". 

It  appears  from  the  literature  that  pattern  recognition  con¬ 
sists  of  forming  rather  than  processing  a  description.  What  is  generally 
envisaged  as  pattern  recognition  is  the  following  phenomenon.  A  processor 
is  presented  with  a  set  of  oojects,  each  of  which  is  tagged  to  indicate 
whether  or  not  1«  is  contained  in  a  given  pattern.  From  this  data,  the 
processor  is  supposed  to  form  a  description  (in  some  language)  of  a  pattern 
which  contains  all  the  objects  tagged  as  being  contained  in  the  given  pattern 
and  does  not  contain  any  object  which  is  tagged  aa  not  being  contained  in 
the  given  pattern. 

It  is  not  overly  difficult  to  build  such  a  processor.  The 
difficulty  so  far  lies  only  the  simplicity  of  ths  generated  description. 

This  has  been  discussed  before.  However,  another  demand  is  often  made  on 
the  description  generating  processor,  ir.  is  expected  that  the  description 
constructed  by  it  will  be  such  that  when  an  untagged  new  object  is  presented 
to  the  processor,  it  will  fit  the  description  if  and  only  if  it  belongB  to 
the  given  pattern.  This  is  clearly  an  impossible  task  in  general  -  the 
only  evidence  presented  to  the  processor  about  the  pattern  having  been  the 
tagged  objects.  As  long  sb  the  tagged  objects  do  not  exhaust  all  objects 
in  the  universe  of  discourse,  one  can  always  have  a  number  of  distinct 
patterns  satisfying  the  tagging  of  the  elements.  The  processor  builds  the 
description  of  only  one  of  these  patterns  -  it  would  be  self-defeating  to 
form  all  the  descriptions,  and  even  that  would  not  help  in  the  recognition 
of  later  untagged  elements. 


The  phenomenon  of  "generalieittion"  has  received  some  attention 
from  statisticians  [20].  Their  studies  seem  to  Indicate  that  the  number 
of  tagged  objects  needed  for  establishing  a  degree  of  confidence  in  a  des¬ 
cription  is  strongly  dependent  on  the  usefulneao  of  the  features  used  and 
the  resulting  simplicity  of  description.  There  will  be  later  occasion  to 
ccwrvsent  on  this  matter  in  detail. 
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4 ,  The  Arrangement  of  the  Book 

In  the  next  chapter  (Chapter  IT)  Marino's  model  will  be  intro¬ 
duced  formally  and  »o*n«  of  Its  important  properties  discussed.  It  will  then 
fcfe  shown  how  some  or  the  important  concepts  associated  with  the  Marino  model 
can  be  specialized  to  the  Wlndeknecht  model.  5otnc  important  classes  oi  sets 
associated  with  solution  methods  will  be  iaolaLed  and  discussed.  It  will 
be  pointed  out  hov  some  of  these  classes  have  already  been  used  In  some 
case  studies  reported  in  literature. 

In  Chapter  III  the  Marino  model  will  be  specialized  to  the  case 
of  two-person  games  and  a  discussion  similar  to  that  in  Chapter  II  will  be 
instituted. 

As  a  prelude  to  Chapter  V  on  Pattern  Recognition,  Chapter  IV 
will  introduce  in  a  precise  and  detailed  manner  the  description  language 
introduced  in  Sec.  3  above.  This  will  enable  the  discussion  of  similarities 
and  differences  between  various  pattern  recognition  schemes , 

In  all  these  Chapters  certain  statements  made  in  this  present 
Chapter  will  be  established  precisely. 

In  Chapter  VI  Che  role  of  pattern  recognition  in  problem  and 
game  solving  will  be  discussed.  The  importance  of  the  appropriateness 
of  the  description  language  will  be  brought  out  in  view  of  the  crucial  role 
it  plays  in  learning  solution  methods.  Some  examples  will  be  given.  These 
will  be  simple,  merely  because  very  few  difficult  examples  have  been  worked 
out . 

In  Chapter  VII  short  descriptions  will  be  given  of  certain 
research  activities  at  the  Case  Institute  of  Technology  where  computer 
programs  have  been  implemented  for  certain  problem  solving  tasks.  The  i 
success  and  failure  will  be  discussed  in  view  of  the  theories  discussed  pre¬ 
viously  , 


CHAPTER  II  -  PROBLEMS  AND  SOLUTION  METHODS 


1 .  Introduct Ion 

The  main  purpose  of  ChlH  chapter  ts  to  discuss  problems  as 
modelled  by  Windeknucht  (these  will  be  called  W- problems  in  the  future). 
However ,  since  many  ideas  relevant  to  Marino's  model  la  relevant  to  this 
as  well  as  to  the  next  Chapter,  the  next  two  sections  of  the  present  Chapter 
will  be  devoted  to  Marino's  model  (hereinafter  called  M-situations),  to 
some  of  its  properties  and  to  its  relationship  with  W-problems,  An  impor¬ 
tant  theorem  regarding  M-situations  (Theorem  2.1  below)  deals  with  the 
existence  of  winning  strategies  in  M-situations .  Similar  theorems  will  be 
shown  to  exist  for  W-problems  and  Game-Situations  (discussed  in  Chapter  III). 
These  will  be  established  by  establishing  W-problems  and  Game-Situations  as 
special  cases  of  M-situations.  To  enable  one  to  do  this  it  is  necessary 
to  i)  set  down  the  basic  structure  of  M-situations  ,  ii)  to 
put  down  the  basic  structure  of  W-problems  and  indicate  their  isomorphism 
with  a  special  clag3  of  M-situations  and  iil)  to  set  down  the  basic  struc¬ 
ture  of  Game-Situations  and  indicate  their  isomorphism  with  another 
special  class  of  M-sltuations,  Sec.  2  will  formalize  the  structure  of 
M-situations.  Section  3  will  elaborate  the  discussions 

envisaged  in  (ii)  above.  The  discussion  of  relationships  between  M- 
eituations  and  Game  Situations  will  be  relegated  to  Chapter  III, 

In  Sections  4  and  5  some  well  known  problems  and  puzzles  will 
be  described  as  W-problems,  In  later  sections,  some  methods  for  finding 
solution';  to  problems  will  be  discussed.  It  will  be  shown  to  what  extent 
these  methods  have  been  approximated  by  some  solution  methods  used  in 


literature. 
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2 .  Some  Properties  of  M-Sltuatlons 

In  Chapter  I,  the  basic  ideas  underlying  M-situations  have  been 
clarified.  In  whaL  follows  some  of  these  ideas  will  be  made  more  precise. 

As  said  before,  this  formalism  is  essentially  those  of  Marino,  although  a 
few  minor  changes  have  been  made  to  bring  them  in  line  with  the  purposes 
of  this  book. 

An  M-sltuation  ia  given  by  a  7-tuple  <  S ,C,D,M,S^,S^  >  where 
S,  C  and  D  are  abstract  sets  and  Sy  and  are  disjoint  subsets  of  S .  M 
is  a  subset  of  SxCxDxS  with  the  fallowing  properties. 

Ml.  (8j  .Cj  ,d1  ,a2)  e  M  and  (s1  ,8^)  €  M  implies  s2  =  s3. 

This  merely  says  that  M  is  a  function  mapping  a  subset  of 
SxCxD  into  S,  The  reason  it  is  not  defined  initially  as  a  function  is 
because  M  is  not  defined  for  the  entire  set  SxCxD. 

Before  the  next  properties  of  the  relation  M  are  introduced 
another  definition  will  be  needed.  Given  an  M-sltuation  and  an  element 
ce  C  one  defines  the  set 

Sc  =  {s|<3<0(3s*)(<s,c,d,s<)e  M)}  . 

Similarly,  for  each  member  de  D  one  can  define 

Sd  =  (a|  (3c)  (Fb')((s  ,c,d,s' )  e  M) )  . 

It  follows  from  the  definition  that  if  (s ,d , c , s' ) e  M,  then 

se  S  Os..  However,  in  all  M-situations  it  will  further  be  assumed  that 
c  a 

M2.  If  b€  ScOsd  Cher  (3s '  )( (s ,c ,d,s '  )  c  M) 

For  convenience  as  well  as  for  motivation,  members  of  S  will 
be  called  situations ;  members  of  Sy  and  1  will  be  called  winning  situations 
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and  lofting  aItua£lotiM  lespecfcivel.y ;  member*,  of  0  will  be  celled  controls 
and  members  of  D  will  be  called  disturbed  v  .  (e  c,d,s')e  M  will  often  be 
expressed  by  saying  "s'  Is  the  result  or  ly  ig  c  and  d  to  s"  or  by 

fc.dWsl  =s  s'.  Mpmhfirs  of  S  will  be  ca  1  -“itusttcns  to  which  c  i  o 

.  . .  c 

applicable" ,  Similarly  with  S^.  Situations  .  .  which  no  controls  are 
applicable,  If  not  winning  or  losing  situations,  will  be  called  cu aw 
situations  and  denoted  by  s^. 

A  function 

Pis-cSyUSjUSp)-.  c 

will  be  called  a  control  strategy  if 

P(s}  =  c  implies  sc  S.  . 

A  disturbance  strategy  is  defined  similarly 

A  winning  strategy  is  one  such  that,  no  matter  what  strategy  is 
chosen  by  the  disturbing  influence,  any  sequence  of  applications  of  controls 
and  disturbances  applied  according  to  the  strategies  results  in  a  winning 
situation.  One  can  express  this  formally  as  follows. 

Given  an  element  S^U  ,  a  control  strategy  Pc  is 

called  a  winning  strategy  for  sq  if  for  every  disturbance  strategy  Pp 
there  exists  a  sequence  (c^ ,dp .(c^.d^) .(c^.d^) , . . . (cn,dn)  such  that 

C1  =  PC^8o^’  di  =  PD^So^’ 
and  for  each  i  (1  <  i<n): 


ci+l  =  Pc^Ci’di)  ^ci-l^i-l^  ’  ’  *(cl’ dl)  *  ’  ')  * 


di+i  =  pD  .xci*d1M(ci_i  •  *(ci>di)(s0)  ■  ■  ; 


and 
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A  control  strategy  P  Is  called  a  non-losing  strategy  for  bq 
If  It  is  either  a  winning  strategy  or  for  no  disturbance  strategy  is 
it  the  case  that  there  exists  a  sequence  {(c^,d^)}  (1  <  t  <  n  as  before) 


such  that 


C1  “  PC(8o>'  dl  “  PD(Eo>: 


and  for  each  i  (1  <  i  <  n) 


cl+l  =  (c^  »*^)  ( >  ^i_i  )  (  *  *  *  ^ c\ * ^  (8q)  '  ‘  ’ ^  ’ 

^1+1  ~  ^ ^Ci»l ,di-l^ ^ ^ C1 ,dl^ ^ * 


(cndn)<(cn-l*dn-l><**-<Cldl>^o)---)eSL- 
A  situation  for  which  a  winning  strategy  exists  is  called 
a  forcing  situation.  The  set  of  all  forcing  situations  is  denoted  by  S^, . 

A  situation  for  which  a  non-losing  strategy  exists  but  no  winning  strategy 
exists  is  called  a  neutral  situation. 

The  following  theorem  is  of  great  interest.  We  shall  state 
it  here  without  proof  (a  proof  can  be  found  in  Marino’s  thesis). 

Theorem  2,1 .  Given  an  M-situation,  there  exists  a  strategy 
which  is  a  winning  strategy  for  every  forcing  situation  and  a  non-losing 
strategy  for  every  neutral  situation. 

In  the  next  section  the  definition  of  W-probletns  will  be  intro¬ 
duced  and  related  to  that  of  M-situations .  It  may  be  worthwhile  to  men¬ 
tion  at  this  point,  however,  that  the  word  "strategy"  here  has  been  used  in 
a  somewhat  specialized  sense.  Unlike  its  traditional  usage  in  the  field, 
a  strategy  is  not  a  method  for  searching  for  the  solution.  In  a  later 
section  this  latter  method  is  called  a  "search  strategy".  A  strategy,  as  the 
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term  Is  used  here,  La  Che  embodiment  of  the  construction  of  a  solution  - 
correctly  or  otherwise,  A  winning  strategy  la  a  method  for  embodying  the 
construct  tori  of  a  "correct"  solution,  A  seurch  Is  really  a  method  for 
changing  strategies  as  defined  here. 
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3.  W-Problema  and  M-Situacions 


A  W- problem  is  given  by  a  triple  <S,FoT>  where  S  is  an  abstract 


a  subset  of  S  and  F 


Et  cf  functions  free  subsets  of  S  into  S 


f  e  Fq  implies  f-.S^  -*  S  and  S^CS. 


Given  a  W-problem  and  s^e  S,  a  winning  solution  for  is  a 

sequence  of  functions  f.,f„.,,,f  such  that  £,cF  for  each  i  and  such  that 

1 '  2  n  i  o 

£n<£„-l<-"W->£l  • 


A  function 


is  called  a  W-st 


Q:  ,.U_  S*  -  T  -» F 

f  e  F  f  o 

o 


if  and  only  if 


Q (s)  =  f  implies  sc  Sf  . 


A  W-strategy  is  winning  for  sq€  S  if  there  exists  a  winning  solution  f ^  f  2 ’ 


...  f  such  that 
n 


and  for  each  i  (1  <  1  <  n) 


fi  -  Q<8o> 


fi+l  -<l<cl<£i-l<-w->. 

To  indicate  the  relationship  between  W-problems  and  M-sltuations 
one  needs  a  special  class  of  M-situations  which  will  be  defined  next. 

An  M-sltuation  is  called  problem-like  if  and  only  if 

PI .  D  =  fd*)  ,  a  unit  set. 

P2.  seSc  for  some  c  Implies  s^S^. 

P3_.  SQ  -  9  the  empty  set . 

Given  a  problem-like  M-situation, 


# 
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R  =  <$,C,(d' J.M.Sy.S^ 

one  can  define  a  triplet 

PVR)  =<S,F_,T  > 

*J 

where  T  =  and  Fq  is  a  But  of  relations  defined  as  follows: 

f  e  Fq  if  and  only  if  there  exists  a  ce  C  such  that  for  all  a,  s'eS 

(s,s') c  f  if  and  only  if  (»,c,d,,i')e  M. 

It  is  not  hard  to  see  that  P(R)  la  a  W-problem.  S  is  an  abstract 

set.  and  T  is  a  subset  of  S.  Each  element  f e  F  is  a  function  since 

o 

(s,s' ) e  f  and  (s,s' ') e  f  implies  (a,c,d,ts,)e  M  and  (s,c,d',8,,)e  M 

for  some  unique  c  whence  by  Ml,  s'  =  s'1.  For  each  ce  C  there  is  a  function 

f  c  F  and  these  are  the  only  members  of  F  .  Also  S,  =  S  .  This  can  be 
CO  o  t  c 

c 

seen  by  noting  that  se  Sc  implies  (due  to  the  uniqueness  of  d')  st  S^Sj, 

whence  by  definition  there  exists  s’  such  that  (s,c,d>  , s' ) e  M  whence  f  is 

defined  for  a;  proving  ScCS£  ,  Similarly,  if  8eSf  ,  then  there  is  en  s' 

c  c 

such  that  (s,c,d' ,s') e  M  whence  sc  S^. 

Given  a  W-problem 

P  =<S,F0,T  > 

one  can  define  a  7-tuple 

R(P)  =<3,0,  (d*  ),  M,Sw,Sl> 

where 

»*  -*■ 

SL  •  5  '  U  V 

fe  Fo 

and  C  and  M  is  composed  as  follows: 

For  each  element  of  f  e  F  there  isan  element  c,. e  C  and  these 

o  t 

are  the  only  elements  of  C.  Also 
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(3,Cj,d* ,«')  e  M  if  and  only  If  f(s)  •»  s'. 

R(P)  is  a  problem- like  M-aituation  since  S  and  C  can  be 
taken  to  be  abstract  secs,  D  =  (d']  satisfying  PI ,  Sy  and  are  dis¬ 
joint  subsets  of  S  by  definition.  Ml  follows  since  f  is  e  function  for  each 

c  .  M2  follows  also  since  from  the  uniqueness  of  d',  sgS  implies  and 

cf 

(trivially)  is  implied  by  se  S  fls.,,  Since  it  can  also  be  seen  quite 

cf  a 

easily  that  Sf  =  S  ,  se  S  also  implies  the  existence  of  s'  such  chat 
f  Cf 

f(s)  «  s'  leading  to  (s,c^,d' ,s') e  M,  P2  can  be  seen  to  be  satisfied  since 
se  S  shows  se  S  -  U_  S  ,  i,e.  s^  Li-,  S  proving  the  contraposltive  of 

L  C  £  v  C  C£  0  C 

P2,  To  prove  P3  one  notices  that 


S„  =  S  -  _U„  S_-  S,  -  Sy  and  S,  =  S 


cTC  c  “L 


U  S  - 
ce  C  c 


V 


In  what  has  gone  above,  two  mappings  have  been  defined,  one 
from  M-situations  to  W-problema  and  one  from  W-probleme  to  M-situation3, 
In  what  follows  ic  is  shown  that  these  mappings  are  one-one  and  inverses 
of  one  another. 

Theorem  2.2.  For  all  W-problema  P  and  problem-like  M- 

situations  R 

P(R(P))  =  P  and  R(F(R>)  =  R. 

Proof : 

Let  P  =  <  S,Fo,T  > 

R(P)  =  <  S,C^'J,M,T,S  -  cUQ  Sc-  T  > 

and  P(R(P»  =  <  S,Fo',T  > 

It  is  only  required  to  show  that  F  a  F 1 

o  o 

Let  fg  Fq;  then  by  definition  of  R(P) ,  there  exists  a  cf  g  C 
such  that  S  =  Sf  and  f(s)  =  s'  if  and  only  If  (s,  c,,d',s')cM.  By 

i  £  J 

construction  of  F'  there  is  an  clement  f'gF'  such  that  S£1  =  S  and 
°  O  £*  cr 
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f'(a)  =  s'  if  and  only  if  (b.c^,  d',  s')£M.  Hence  f  >  f  showing  Chat 
?0C  F^.  The  reverue  inequality  follows  similarly  proving  that  Fq  »  F^, 
Let  now 


R  =  <S,C,  [d>  }fH,SH,SL> 

P(R)  =< 

and  R(P(R))  s<S,C',{d^ 


That  C  =  C'  and  M  «  Mf  will  follow  from  definition  as  In  the 

previous  case.  To  shew  that  S  =  S',  it  is  recalled  that  from  P2  that 

la  L 

M  Implies  a£  S£  or  C  S  ■  Sc.  However,  since  SL  are 

are  disjoint. 


Again,  since  by  P3 
one  ha a 


S,  =  S,  -  Sy  C  S  -  U  „  s 


C  6  C 


c  -  V  K 


sn  =»  s  -  L)  s  -  S,  -  <5  .  =  * 
D  ce  C  c  L  is 


SL?S  ■  C^C  Sc  •  - s; 


proving  the  reverse  inequality. 

The  R  and  P  functions  demonstrate  that  problem-like  M» 
situations  and  W-problems  are  identical  structures.  However,  they  do  not 
establish  that  the  concept  of  a  winning  strategy  as  defined  in  the  two 
structures  are  identical  concepts.  To  show  this  one  introduces  another 
definition. 


Given  a  W-problem  P  and  a  W-strategy  Q  for  P,  one  defines  a 
function  R(Q)  from  a  subset  of  S  into  C  as  follows 


R(Q)(s)  a  Cj  if  and  only  if  Q(s)  =  f. 

It  can  be  verified  that  R(Q)  is  a  control  strategy  for  R(P) . 
R(Q)(s)  =>  cf  Implies  Q(o)  =  f.  Since  Q  is  a  W-strategy,  this  implies 
Sf  whence  se  S  showing  that  R(Q)  fulfills  one  condition  for  being  a 

l  C  c 
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control  strategy.  To  show  that  the  domain  of  R(Q)  ia  indeed  S-S^-S^-S^, 

one  notices  that  the  domain  of  Q  is  ^  S^-Sy  “  q  Sc’SW'  l*ow 

r  o 

\  -  s  -  Cyc  sc-sw 

whence 

S'SL  *  =^C  SCUS« 

whence 

S"SL-SW  H  cVe  Sc"SW 

Since  SQ  *  $  the  domain  of  R(Q) ,  which  coincides  with  the  domain  of  Q  is 
indeed  S-Sy-S^-S^. 

One  can  now  state  and  prove  the  following  theorem,  which  is  an 
important  step  towarda  the  establishment  of  the  analog  of  Theorem  2,1,  in 
the  case  of  W-problems. 

Theorem  2,3,  Let  Q  be  a  W-strategy  for  the  W-problem  P.  Let 
R(Q)  be  the  control  strategy  for  R(P)  as  defined,  ThoaQ  is  a  winning  W- 
strategy  for  s o  if  and  only  if  R(Q)  is  a  winning  control  strategy  for 
in  R(P) , 

Proof ; 

One  initially  notices  from  the  construction  of  M  that  sc  If 

and  only  if  se  Sf  for  some  f c  Fo-  Hence  every  disturbance  strategy  PQ  haa 

as  its  domain  S,-S,,  and  P_(s)  =  d'  for  each  a  in  this  domain.  This, 

f  e  F  f  W  D 

o 

then,  is  the  only  possible  disturbance  strategy. 

Let  now  R(Q)  be  a  winning  strategy  for  so  in  R(P).  Then  there 

exists  a  sequence  of  controls  c,  ,s.  such  that 

1  2  n 

cf  *  R(Q)(a0) 


and  for  each  1  <  n 
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and 


cf  -  R(Q)((c,.  ,d')((...(cf  ,d')(a  ))...) 

*1  1 l-l  *1 


(cf  ,d')(cf  ,d')((...(<cf ,d')(H0)...)c  Sy 

n  ln-i  1 

Thill  Indicate*  that 

Vfn.l('--fl<*o>-”>cSV 

■ind 

fi  “  for  each  1  <  n* 

Thus  Q  is  a  winning  W-strategy  for  sq  in  P.  The  proof  that  R(Q)  is  a 
winning  gcratcgy  for  #q  In  R(P)  if  Q  is  a  winning  W-strategy  for  sq  in 
P  follows  in  exactly  the  same  way.  It  can  also  be  shown  that  any  strategy 
in  R(P)  is  R(Q)  for  some  strategy  tj  in  P. 

One  can  state  without  proving  that  if  there  is  a  winning  solu¬ 
tion  for  *o  In  P  then  there  is  a  winning  W-strategy  for  sq  in  P.  One  merely 
associates  with  so,  f2  with  f^(eQ)  and  *°  °n;  the  rest  oi  the  situations 
have  any  value  for  the  strategy. 

Let  T'CS  be  the  set  of  all  situations  in  a  W-problem  such 
that  stT'  if  and  only  if  there  is  a  winning  solution  for  s.  Hence  there  is 
a  winning  strategy  for  each  element  of  T'  in  R(P).  Hence  each  element  of 
T'  is  a  forcing  state  in  R(P) .  Also,  each  forcing  state  in  R(P)  is  a  member 
of  T'. 

The  important  thing  to  note  here  is  that  by  theorem  2.1  there 
is  a  strategy  R(Q)  in  R(P)  which  is  a  winning  strategy  for  each  se  T'. 

Hence  there  is  a  W-strategy  which  is  winning  for  each  element  «e  T* .  This 
fact  yields  some  solidity  to  a  rather  meaningful  theorem  that  will  be  Indicated 


later,  in  the  rest  of  this  chapter  some  processes  for  finding  winning 
strategies  will  be  discussed,  To  make  this  discussion  meaningful,  the  next 
two  sections  will  introduce  two  problems  that  have  been  discussed  in 
literature  and  show  that  these  can  be  formalized  as  W-probleme, 
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4,  A  Simple  Example  of  a  W-Froblem:  The  Tower  of  Hanoi. 

In  the  present  sect  ton  end  the  next,  two  problems  will  be 
discussed  as  W-problems,  In  addition  to  motivating  the  use  of  W-problcms , 
these  would  also  serve  in  future  sections  to  illustrate  soma  ideas  developed 
in  relation  to  solution  methods,  there  will  also  be  occasion  to  indicate 
how  some  of  these  ideas  are  Inherent  in  methods  described  in  Artificial 
Intelligence  literature. 

This  present  section  will  be  devoted  to  describing  the  cele¬ 
brated  puzsle  called  the  tower  of  Hanoi  [11  ,12],  The  puzzle  is  generally 
described  as  follows. 

One  is  given  a  set  of  n  disks  (n  may  be  any  number:  folklore 
attaches  the  value  64  to  n;  we  shall  exemplify  our  problem  with  smaller 
values).  These  are  of  unequal  diameter.  There  are  three  long  pins  fixed 
upright  on  a  board,  Each  disc  has  a  hole  In  the  center  large  enough  to 
pass  any  pin  through  it  but  not  large  enough  to  pass  any  other  disc  through 
it. 

Initially,  all  the  discs  are  on  one  of  the  pins.  They  are 
arranged  with  the  largest  disc  at  the  bottom  and  the  smallest  disc  at  the 
top;  each  disc  rests  on  a  larger  disc.  It  is  required  to  transfer  all  the 
discs  to  another  pin  by  moving  one  disk  at  a  time  from  one  pin  to  another. 
The  constraint  is  to  be  observed  at  all  times  that  no  disc  should  ever 
rest  on  any  disc  smaller  than  itself.  Also  only  the  discs  at  the  top 
position  in  any  needle  can  be  moved.  The  initial  configuration  is  shown 
in  Figure  2.1,  to  clarify  the  description  given,  n  has  been  taken  to  be 
6  here.  However,  the  value  of  n  will  not  play  any  essential  role  in  the 
formal  representation  of  the  problem. 
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To  represent  the  Tower  of  Hanoi  problem  as  a  W-problsra  one 
way  specify  ar-  follows. 

Each  element  of  S  consists  of  a  sequer.ce  of  three  sequences 

of  integers 


sG  S  S  a  =  <(Xj1,x02,...xot^)s(x11,x121...xli^),(x21,x22,...x21^): 
These  three  sequences  have  the  following  properties: 


HI.  I.q  h  ^  +  i2  =  n 


(i.e.,  there  are  a  totality  of  n  integers  in  the  three  sequences,  each 
integer  standing  for  a  disc) . 


H2.  x  =  x  only  if  i  =  s,  j 
11  SC 


c 


(i.e.,  the  integers  appearing  in  the  sequences  are  distinct) 


H3.  1  <  x. .  <  n 

-  lj  “ 

H4.  For  each  i,  j  >  k  implies  x^  >  xik 

(i.e.,  larger  integers  appear  after  smaller  ones  in  each  sequence: 
smaller  integers  stand  for  larger  discs) 

The  set  Fq  consists  of  2n  functions,  to  be  denoted  by  the 
generic  name  (k,m)  where  1  <  k  <  n  and  m  =  +1  or  -1.  The  move  (k,m) 
is  the  formal  analog  of  moving  the  k— ■  disc  (in  the  order  of  size) 
from  the  top  of  any  pile  (or  pin)  either  to  the  pile  to  the  left  or 
the  one  to  the  right  depending  on  the  sign  of  m.  The  domain  ^  of 
the  function  (k,m)  is  defined  as  follows: 


is  an  element  of  S,.  .  if  and  only  if  either  x„.  =  k  or  =  k  or 

(k,m)  y  0iQ 

x  =  I'  and  if  x  =  k  then  k  >  x  ,  where  t  =  s  +  m  (mod  3).  The  values 
1 12  s  C1t 

of  the  functions  ar"  given  as  follows. 
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H6.  If  s  =  <O01>*  ••••xoio>.(xii**i2’--‘xlii)*(x21*5<22”''X2i2^ 


in  in  the  domain  of  *  ?i^  and  k=-x  ^  ^  =  0  1  2^  than 

jlj 

(k,m)(s)  =  <(x^,  ,2****xolo)»(xn«xi,2»'-*xiii)*(x21*x22,,*'x2i  ^ 


where 


ij  =  i'-l  If  t  =  j ;  i'  =  i  +  1  if  t  =  j  +  m  (mod  3);  i'  =  i  otherwise, 
u  r  t  u  C  C 

Also 


x^  =  xtl  except  when  t  =  j  +  m  (mod  3)  and  i  =  i^ 


Xti,=  k  when  c  =  J  +  &  (mod  3). 

H7 .  T  is  specified  to  be  the  unit  set  consisting  of 
<^,(l,2,...n),^>. 

Interest  will  be  centered  on  specifying  a  winning  solution  for 

^(1  »2, . ,  ,n)  ,  (j)  ,  >, 

As  an  example  of  a  solution  of  the  problem  when  n  =  3,  let  us 
consider  the  following  sequence  of  moves.  The  smallest  disc  is  moved  to  the 
right  pin,  the  second  largest  disc  is  moved  to  the  left  pin;  the  smallest 
disc  is  then  moved  right  (from  the  right  to  the  left  pin  "around  the  circle") 
to  the  top  of  the.  second  largest  pin.  Then  the  largest  disc  is  moved  to 
the  (now  empty)  right  pin,  the  smallest  disc  moved  right  to  the  original 
(now  empty)  pin,  the  second  largest  disc  is  moved  left  (around  the  circle) 
to  the  top  of  the  largest  disc  on  the  right  pin  and  the  smallest  disc 
moved  right  to  the  top  of  the  pile. 

The  exhibition  of  this  sequence  of  moves  is  formally  equivalent 
to  the  statement  that  when  n  =  3 

(3, +1 ), (2, -1), (3, +1 ),(!,+!), (3, +1 ),(?.,-!), (3, +1) 


is  a  solution,  since 
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(3,+l)(v\-l)<<3,+l)(<l,+l)(3,+l)((2,-l><(3,+l)<<(lf2,3),  p,^>))))))) 
/3,+l)((2,-l)((3,+l)((l,+l)((3,+l)((2,-l)(<(l,2>),(3),  ^  »))))) 
(3,^1)((2,-1)((3,+1)((1,+1)((3,+1)(<(1),(3),(2)»)))) 
(3s+1)(<?.-1)((3;+1)((14+1)«(1)4.(2,3)»)» 

(3,+l)((2,  l)((3,+l)«^,(l),(2,3)»)) 

(3,+l)«2,  ~0  «(3) ,  (1)  ,(2)») 

(3,+l)(<(3>,<l,2),^)» 

In  a  later  section  a  winning  strategy  will  be  pointed  out  which 
yields  this  winning  solution.  Meanwhile,  the  next  section  will  formalize 
the  problem  of  finding  proofs  in  Propositional  Calculus.  For  this  purpose 
the  Russel  Whitehead  version  of  the  propositional  calculus  will  be  used, 
following  Simon,  Newell  and  Shaw. 
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1.  If  A(p)  Is  a  theorem  tn  which  the  specific  propositional 
variable  p  occurs,  and  B  is  any  wff,  then  A(B)  is  a  theorem,  where  A(B)  1b 
obtained  from  A(p)  by  replacing  every  occurence  of  p  in  A(p)  by  an 
occurence  of  B.  This  is  the  usual  substitution  rule. 

2a,  If  (#vA  V  B)  occur  a  anywhere  in  a  theorem  C,  then  D, 
obtained  by  replacing  this  occurence  in  C  by  (A  -*B),  is  also  a  theorem. 

2b.  If  (A  -» B)  occurs  in  any  theorem  C,  then  D,  obtained  by 
replacing  this  occurence  in  C  by  (wAV  B),  is  also  a  theorem.  2a  and  2b 
are  applications  of  the  definition  of "implication"  in  terms  of  "not"  and 
"or". 

3.  If  (A  -* B)  la  a  theorem  and  A  is  a  theorem,  then  B  is  a 
theorem.  (The  usual  modus  ponens.) 

On  the  basis  of  these  definitions,  one  can  set  up  a  W-problem 
as  follows  to  represent  the  problems  of  finding  the  proofs  of  theorems. 

Each  situation  s  is  a  finite  sequence  of  wffs  (8i >82» • * ,8n> • 
These  wffs  stand  for  the  set  of  theorems  proved  at  a  certain  stage  of  the 
proof  procedure. 

F  consists  of  four  classes  of  functions,  denoted  by 
o 

(i)  (1,  A,  B , 1)  where  1  is  an  integer,  A  is  a  propositional  variable 
and  B  is  a  wff,  (ii)  (i,j,2a)  where  i  and  j  are  integers  (ill)  (i,j,2b) 
where  i  and  j  again  are  integers  and  (iv)  (i,J,3)  where  i  and  j  are  integers 
These  stand  for  substitution,  tne"f orward"  and  "backward"  application  of 
the  definition  of  implication  and  modus  ponenB  respectively.  Formally, 
these  functions  are  defined  as  follows: 

(i)  (Substitution)  s  =  (Sj.^,. .  .an)  is  a  member  of  a  B  1) 
if  and  only  if  i  <  n  and  the  wff  s^  contains  the  propositional  variable  A, 
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(L ,A  ,B , 1) ( ( , Sj » ■ * • 8n) )  -  ( 8i * B2 * ’ * ’ 8n ’ 8n+l ^ 
where  sn+^  is  obtained  from  by  replacing  all  occurences  of  A  by  B , 

(ii)  (Def initicn-Application)  s  =  (s^ , s^ , . . .s^)  is  a  member 
°f  ^  2a^  if  and  only  if  i  <  n  and  there  are  at  least  j  occurences  of 
wffs  of  the  form  (A/  A  V  b)  in  s^.  In  this  case 

( i» j » 2a) ( ( # s2 *  *  * • sn)  =  ( s ^ i Sj , . .  •Bn» 8n+^) 

where  sn|^  is  obtained  by  replacing  the  jth  occurence  of  (WaVb)  in  by 
(A  ~i  B) , 

(ill)  (Definition-Application)  s  =  (s^ ,b^, . , .s^)  is  a  member 
°£  j  2b)  ii  and  °niy  if  i  <  n  and  there  are  at  least  j  occurences  of 
wffs  of  the  form  (A  -+ B)  in  s^.  In  this  case 


( i » J  >  2b )  t,  (s^  ,  Sj i  • . .  s^)  _  ^ ®  j  » ®2 *  *  *  * ’ 8n+l  ^ 

where  is  obtained  by  replacing  the  jth  occurence  of  (A  _>B)  in  by 

(•'A  V  B)  . 


(iv)  (Modus  Ponen)  s  =  (s,  ,s...,.s  )  is  a  member  of  S,.  . 
if  and  only  if  i,j  <  n  and  for  some  wffB  A  and  B,  s^  is  (A  -» B)  and  is 

A.  In  this  case 


( i i j »3) ( (3^ jS^i •  •  • s^)  -  ( « ®2 *  * • • 8n * 8n+l^ 


whore  s  ,  is  B . 
n+i 


In  (ii)  and  (iii)  above  the  occurences  of  the  sentence  of  the 
form  A  \/  B)  and  (A  ->  B)  are  ordered  by  the  occurences  of  the  main  connec¬ 
tives  of  these  sentences,  reading  from  left  to  right.  As  an  example, in  the 
wff 


C  =  (<**w a\f(a  -  b))  ✓  (c  _*  (vd  V  e)))  _  f) 


Finding  a  proof  of  B  from  the  suppositions  A^  ,A2, , . .A^  (i.e., 
showing  A^ ,A2 , . . .A^  B)  would  correspond  to  the  following  W-problem.  bq  is 
the  sequence  (A^A^, . .  .A^.X^  ,X2, . .  .X^)  where  X^.X^.-.Xj  are  the  five  axioms. 
T  consists  of  the  set  of  all  sequences  of  wffs  containing  B.  A  winning  solu¬ 
tion  would  be  a  sequence  f} ,f2, . .  ,fR  of  functions  such  that  the  sequence 

fn(fn_^(. .  .f^((Aj,A2,  ..  .A^  >X^  »X2 .X )g  T 


As  an  example,  the  winning  solution  of  the  W-problera  corresponding  to  a 
proof  of  ((p  — *vp)  -><wp)  from  the  axioms  (^((p  -»  m  p)  -»e/p))  would  be  the 


sequence 


(l,P^P.l).(6,l,2a) 


This  can  be  seen  as  follows 


(6,l,2a)((l,p,wp,l)((((p  V  P)  -♦  p),(p  ->  (q  V  P>)  ,  ((p  V  q)  ->  (q  ^  P>). 
«PV(q  V  r»  »  (q  V(p  V  r))),((p  _q)  _  ((r  /  p)  _  (r  V'q)))))) 
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=  (6,l,Za)((((p  Y  p)  -♦  p),(p  -*  (q  Y  p)).((p  V  q)  -♦  (q  v  p)M(p  v<q  V  r>) 

(q  V(p  V  r))),((p  q)  -*  ((r  v  p)  -<r  v  q)))  ,  ((-vpV*  P)**P)>) 

=  <  ((P  V  P)  -*  P),(P  -*  (q  V  P)M(P  V  q)  -*  (q  V  P))  ,((P  V(q  V  r))  ->  (qp(pv  r))) , 
((p  ->  q)  ((r  V  p)  -»  (r  V  q)))  »(^PV«  p)  -+»P)  ,(< P  -»*»p)  -*p)>  - 

The  last  sequence  contains  the  theorem  to  be  proved  as  its  last  element. 

Two  examples  have  been  given,  in  this  section  and  the  previous 
one,  of  the  representation  of  two  problems  as  W-problems.  In  the  next  few 
sections  various  properties  of  winning  strategies  will  be  discussed. 


4 


50  - 


6 .  Strategics  and  their  Description 

It  is  clear  Iron  the  discussion  in  Section  3  that  the  solution 
for  a  W- problem  can  be  found  It  a  winning  W-strategy  Is  known.  The  idea  of 
a  strategy  has  been  inherent  in  many  works  in  Artificial  Intelligence, 

However ,  the  mere  giving  of  a  prccicc  form  to  this  idea  does  not  shed  any 
light  on  the  basic  question,  "How  is  a  winning  strategy  to  be  found?"  In 
later  sections  various  devices  will  be  suggested  for  the  finding  of  strategies. 
Of  course,  these  devices  in  their  turn  will  need  the  knowledge  of  other 
functions  or  sets.  These  again,  will  have  to  be  "found"  for  any  given 
problem  one  is  faced  with.  These  are  introduced  in  the  hope  that  some  of 
these  will  prove  easier  to  deduce  from  the  description  of  the  problem  or 
from  "experience". 

In  this  section  attention  will  be  given  to  a  different,  no  less 
crucial  problem.  "Even  when  one  knows  a  strategy,  how  can  one  make  sure 
that  it  is  eaay  to  implement?"  That  is,  in  what  form  is  a  strategy  to  be 
represented  in  memory?  Evidently,  the  strategy  cannot  be  stored  as  a  huge 
set  of  ordered  pairs.  It  is  essential  that  a  small  set  of  tests  be  specified 
to  the  computer.  The  value  of  the  strategy  for  a  situation  (the  control 
to  be  chosen)  is  determined  on  the  basis  of  these  tests.  As  can  be  seen 
from  our  discussion  in  Section  3  of  Chapter  I,  this  is  essentially  a  prob¬ 
lem  of  description  of  sets.  The  details  of  this  latter  subject  can  only  be 
discussed  in  a  later  chapter.  For  the  present  it  will  be  assumed  only  that 
some  subsets  of  S  are  "easier"  to  describe  than  others,  It  will  also  be 
assumed  on  the  basis  of  the  discussion  in  Chapter  I  that  it  is  of  use  to  be 
able  to  find  a  common  description  for  all  situation  in  S  which  yields  the 
same  value  of  the  strategy. 


eVr  V  1 

o 


Given  a  strategy  Q  one  can  define  the  following  relation  E  on 


Clearly,  this  relation  Is  an  equivalence  relation.  This  relation  is  pre¬ 
cisely  the  relation  QoQ  ^  (the  composition  of  Q  with  its  Inverse  relation) 
and  hence  will  be  called  the  Kernel  of  the  strategy  Q,  following  algebraic 
terminology  [13). 

The  Kernel  of  a  strategy  partitions  the  set  sf-  T  into 

o 

disjoint  subsets  called  its  equivalence  classes.  For  a  strategy  to  be 
practicable,  each  subset  in  this  partition  is  to  be  easily  describable. 

For  future  purposes,  the  symbol  Q_1(f)  will  be  used  to  denote  the  set  of 
all  points  s  such  that  Q(s)  =  f.  This,  again,  is  standard  algebraic  nota¬ 
tion.  It  follows  imnediately  from  definitions  that 


and 


f2  tmPltes  Q’l(f1)0  Q'1(f2)  =  9 

s'1'*)  ■  tVF  v  t 


o  o 

A  particularly  easy  description  for  these  sets  exist  for  the 
Tower  of  Hanoi  problem.  This  will  now  be  set  down  in  the  way  of  an 
example . 


It  will  be  recalled  that  in  the  Tower  of  Hanoi  Problem  of 
Section  3,  a  situation  consists  of  a  sequence  <s1,s2,s3>  where  each 
si  (i  =  1,2,3)  is  a  sequence  of  integers  with  certain  properties.  It 
wilL  also  be  recalled  that  the  controls  are  denoted  by  ordered  pairs  (k,/) 

where  k  is  an  integer  and  t  =  +  1.  S,,  ..  the  domain  of  (k,£)  have  been 

—  {  K ,H,) 

previously  defined.  Also,  it  has  been  pointed  out  that  there  are  n  elements 
in  the  union  of  s^.s^s^,  considered  as  sets.  One  now  defines  a  strategy 


as  follows: 
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k+l 

P(s)  -  >  if  and  only  it 

i)  s  /  <  0, (1 ,2,3, . . ,u) ,5  >  and 
li>  S^2(k,(.l)k+i)and 

if  4. } 

iii)  S(i(  ^  .  for  any  i  <  k. 

Since  in  the  case  of  the  Tower  of  Hanoi  =  S,  the  domain 

of  P  ought  to  be  S-T  which  it  is,  by  condition  (i)  above.  Condition  (ii) 
assumes  us  that  the  strategy  always  chooses  an  applicable  move.  That  P  is 
indeed  a  winning  strategy  for  sq  =  <(  1 , 2 , 3 , . . , ,n) ,0,(5  >  can  be  verified 
in  Che  case  of  n  =  3,  as  follows: 

P(<(1,2,3),0,0  >)  =  (3,+l) 

and  (3,+l)<<<l,2,3),M»  -  <  (1 , 2)  ,  (3)  ,0  > 
I>(<(1,2),(3),0>)  =  (2,-1) 

and  (2,-1) (<(1,2) ,(3) ,0>)  =  <(1),  (3),  (2)> 
P(<(1).(3),(2»)  =  (3.+1) 

and  (3  ,+l)  (<(1) ,  (3),  (2)»  =  <(1),  0,  (2,3)> 
P(<(1),  0,  (2,3)>)  =  (l,+l) 

and  (1,+1)(<(1),  0,  (2,3)»  =  <0,  (1),  (2,3)> 
P(<0,  (1),  (2,3)»  «  (3 ,+l) 

and  (3,+l)(<>,  (1),  (2,3»)  =  <(3),  (1),  (2)> 
P(<(3),  (1),  (2)»  =  (2,-1) 

and  (2,-1)  (<(3) ,  (l),  (2)»  =  <(3),  (1,2),  0  > 
P«(3),  (1 ,2)  ,0  >)  =  (3,+l) 

and  (3,+i)(<(3) ,  (1,2),  0  >)  =  <  0,(1,2,3),0  > 

The  last  situation  is  a  winning  situation.  It  will  be  noticed 
that  the  strategy  P  has  yielded  the  same  solution  as  was  exemplified  in 


Section  3. 


It  can  be  shown  by  Induction  chat  p  is  indeed  the  winning 
strategy  for  (<( 1 , 2 , . . .n) ,  0,0  >)  for  all  n.  This  will  be  Indicated  when 
the  concept  of  subgoals  is  discussed  later.  It  may  be  pointed  out  that  P 
is  the  winning  strategy  for  all  states.  However,  for  some  situations  it 
may  not  yield  the  "shortest"  solution  in  the  sense  that  for  these  situations 
one  can  find  solutions  as  a  shorter  sequence  of  controls  by  violating  the 
strategy  P.  There  are,  again,  other  strategies  for  the  Tower  of  Hanoi  which 
are  winning  strategies  only  for  some  situations.  There  are  others  which 
yield  the  shortest  solution  for  all  situations.  At  present,  it  is  not 
proposed  to  discuss  these  various  strategies.  It  is,  however,  worthwhile 
pointing  out  at  this  point  that  the  strategy  P  discussed  here  has  been 
defined  mostly  in  terms  of  statements  which  are  needed  for  describing  the 
problem  itself.  Only  the  concept  of  taking  the  powers  of  -1  was  not  a  part 
of  the  concepts  used  in  the  description  of  the  rules  of  the  game.  The 
others  -  the  descriptions  of  S,^  ^  and  the  concept  of  one  integer  being 
less  than  another  -  were  inherent  in  the  description  of  the  problem.  Free 
use  was  also  made  of  logical  quantification  in  defining  the  strategy  but 
these  were  used  also  in  the  description  of  the  pr >oiem,  The  significance 
of  these  facts  will  be  discussed  when  the  basis  for  description  languages 
and  their  use  in  problem  solving  has  been  made  clearer. 

The  present  section  will  be  closed  by  pointing  out  an  important 
consideration  regarding  the  search  for  a  practicable  strategy.  In  many 
real  problems  one  needs  winning  solutions,  not  for  all  possible  situation 
but  only  for  a  few  situations.  By  the  Marino  theorem  and  Theorem  2.3,  there 
is  a  winning  strategy  for  the  set  of  all  situations  for  which  a  winning 
solution  exists.  However,  it  may  be  more  advantageous  to  find  a  i.ess 
"ambitious"  strategy;  or.e  which  is  a  winning  strategy  --  not  for  all  posslbl 


situations  but  only  tor  those  situations  ior  which  a  solution  is  n**d»>d. 
This  will  be  clarified  through  a  theorem,  To  introduce  the  theorem  one 
needs  the  following  definition. 

Given  any  subset 

strategies  which  are  winning  strategies  for  every  element  of  S^,  that  is 
Pe  if  and  only  if  for  every  se  S^,  P  is  a  winning  strategy  for  s. 

Theorem  2.4  If  Sj^C  S2  C  T*  then^Sj)  D^S2)  +  0. 

Proof; 

Let  P  e^(S2).  Then  P  is  a  winning  strategy  for  all  elements 
of  S2.  Since  each  element  of  is  an  element  of  S2,  P  is  a  winning 
strategy  for  every  element  of  .  That  is,  Pe^S^). 

That^(S2)  4  0  follows  from  Theorem  2.1  which  states  that 
P(t')  0  0  and  that  P(S2)3P(t'). 

The  theorem  gives  us  no  assurance  that  if  is  a  proper  subset 
of  S2  then^S2)  is  a  proper  subset  of*J^S^>.  This  is  in  general  not  true, 
either.  However,  there  are  many  cases  where  choosing  a  proper  subset  of  a 
set  of  situations  yields  a  larger  set  of  available  winning  strategies. 

Let  there  be  some  evaluation  function  which  associates  with 
every  subset  of  S  a  number  which  yields  the  "ease"  with  which  it  can  be 
described.  Then  with  each  strategy  P  we  can  assn  »te  a  set  of  numbers 
each  corresponding  to  tne  ease  with  which  an  equivalence  class  of  Its 
Kernel  (PoP  *)  can  be  described.  The  minimum  of  these  numbers  can  be  used 
as  a  measure  of  the  "ease"  with  which  P  can  be  used.  Associated  with  each 

I 

subset  of  T  ,  then,  is  a  set  of  numbers,  corresponding  to  the  ease  with 
which  each  strategy  in  P(S^)  can  be  used.  Let  the  minimum  of  these  be 


C  T  let 


)  denote  the  Bet  of  all 
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u4*fw*i ea  by  EV & ^  .  Since,  by  cb«  above  cheer tm  h ^  £.  S ^  ucpi  ies  J t S j)  ^  S ^ )  , 
it  ii  not  hard  to  see  that  £.S2  implies  E(Sj)  >  E(Sj) .  If  it  is  required 
to  find  a  winning  strategy  only  for  all  elements  of  Sj,  it  never  increases 
the  ease  of  applying  a  strategy  by  choosing  one  which  is  a  winning  strategy 
for  a  set  larger  than  S^, 

The  above  gives  plausible  arguments  for  restricting  ones 
ambition  to  find  a  winning  strategy  for  the  smallest  set  of  situations  one 
can  "get  away  with".  The  arguments  certainly  are  not  rigorous.  It  has 
been  assumed  that  all  sets  of  numbers  have  maxima.  It  has  been  assumed 
that  "ease"  can  be  measured  by  numbers  or  at  least  by  a  linearly  ordered 
set.  It  might  be  interesting  to  investigate  the  effect  of  relaxing  these 
assumptions  on  the  validity  of  the  arguments.  This  will  not  be  attempted 
here. 

The  ease  of  describing  a  strategy  is  only  one  of  the  problems 
associated  with  the  concept  of  strategies.  There  still  remains  the  problem 
of  finding  a  strategy.  In  the  following  sections  it  will  be  pointed  out 
that  a  winning  strategy  P  can  be  found  if  certain  subsets  of  S  (other  than 
the  equivalence  class  of  PoF"^)  can  be  easily  described. 


*  je  - 

£«•*'.  j*t  i-yos  ;  A  Method  tor  p«f  thing  Strategic* 

All  the  previous  discussions  In  this  Chapter  lead  to  one  1.  or- 
tdnt  conclusion  so  far;  to  wit  "In  a  W-problem,  a  winning  solution  for 
can  be  found  if  one  knows  the  description  of  the  equivalence  classes  of 
the  Kernel  of  some  winning  strategy  for  s  “ .  In  the  rest  of  this  chapter, 
b owe  similar  statements  will  be  made  and  proved  where  the  words  "the 
equivalence  classes  of  this  Kernel  of  some  winning  strategy  for  sq"  will  be 
replaced  by  the  names  of  other  classes  of  sets.  A  poster  lor  1,  these  also 
yield  methods  for  constructing  winning  strategies  for  s  ,  and  these  con¬ 
structions  will  be  discussed.  The  problem,  "Given  the  definition  of  a 
class  of  sets,  how  does  one  construct  their  description?"  will  not  be  dis¬ 
cussed  till  after  description  languages  are  introduced  in  Chapter  IV.  Unfor¬ 
tunately,  even  there  the  discussion  will  have  to  be  sketchy. 

A  class  of  sets  that  readily  cooes  to  mind  arises  from  one's 
desire  to  know  how  "far"  a  situation  is  from  the  "nearest"  winning  situation. 
This  can  be  formalized  by  defining  an  enumerable  class  of  sets  as 

follows 

T  a  T 
o 

and  for  all  i  >0 

i 

Tt+1  55  *  A  Tk  and  (if)(f  e  Fq  and  f(s)  tT^) 

In  words,  a  situation  is  in  if  and  only  if  there  is  a  con¬ 

trol  which  moves  the  situation  to  one  and  no  control  which  moves  it  any 
"closer"  to  a  winning  situation.  The  "distance"  of  any  point  from  the  winning 
situation  is  the  minimum  number  of  steps  of  elementary  controls  which  changes 
it  to  a  winning  situation. 

It  is  clear  from  the  definition  that  i  /  j  implies  Tj  »  0. 

For  assuming  (without  less  of  generality)  Chat  j  <  l,  one  can  obtain  from 
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definition  T^C  S  -  Al^  C  S-T^  If  j  <  I.  One  can  also  see  rhat : 

Theorem  2.5  In  a  W-problem  s^U^if  and  only  If  »oJT  or  a  winning 

solution  exists  for  s  . 

o 


Proof; 


notes  initially  that  s  4  ^  and  (If)(f  P  -n  and  f(a) 


e  T^)  _*  8dTl+1  or 


(lf)(f  €  Fo  and  f(s)  €  Ti)  -»  ((s  i  ^  Tk)  ^»e  T.  ^ 


(3f)(f  tF0  and  f(8)  e  Tt)  -♦  (s  £  Tk  or  s  e  T.  .) 


(  f)(f  e  Fq  and  f(s)  e  -*s  e  jU.  Tk 


from  which  one  obtains 


(VXf  €  t0  and  f(8)  e  kUQ  TR)  -  s  ?  Uq  Tfci 


One  now  proves  by  induction  the  following  (yielding  a  stronger 
statement  then  the  "if"  part  of  the  theorem). 

n 

If  fn(fn-l(“*fl<80>"*}  cT  then  *o  UO  Tl‘  For  n  -  1  one 
obtains  f^s)  e  T  -  Tq  yields  s  e  UQ  x 

Let  the  theory. be  ture  for  n  *  i  that  s,  as»uiuc  f1(fi  ^...f 
(s0>...)  el  yields  sq  e  Jj,  Tk.  Let  f  1+J(f  t( . . .  (f  j  (.e) . . .)  e  T  consider 
fj(»0)  =  s^.  One  has 

fl+1(f1(.,.f2(»l)...)  €  T 

1  1 

yielding  by  induction  hypothesis  ■l  e  ^  xk.  glue,  f^)  =  8l  «  kU0  Tk 
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1+1 

V  ki)  Tk 


proving  the  theorem  for  *11  n. 


To  prove  the  converse,  let  ■  eUx, .  Then  there  exists  *n  n 

0^1 

such  that  #Q  e  K  The  proof  will  be  by  induction  on  n,  ss  before  that 
either  n  *  0,  or  there  exists  a  sequence  f^,,,fn  of  function  t such  that 
.  •  .fn(»0)> «  T.  Let  n  «*  1,  then  by  definition  there  exists  f^  e  FQ 
such  that  fj(*0) e  T. 

Assume  as  Induction  hypothesis  that  if  s^t  then  for  some 


£1 *  * ' ' £l 


fl(f2(...f,(»0)...)e  T. 


Let  »o  «Tl+1.  Let  f i+1<»0) a  hence  there  exists  a  sequence  of  functions 


fp  .  ,fi  such  that 


f1(f2(...fl(f1+l(so)...)€  T 


proving  the  theorem  for  all  n. 


The  class  of  sets  (T^}  will  be  called  evaluations. 

A  Strategy  Q  will  be  called  an  Evaluating  Strategy  if  and  only  if 

a  c  Tt  implies  Q(«)(s)e  T^. 


The  following  theorem  is  a  special  case  of  Theorem  2.1,  relevant 
to  W'probleme  and  hence  to  problem-llke  M-altuatlons  and  establishes  that 

kJ  T  _  T< 

IX)  T1  1  * 

Theorem  2.6  An  evaluating  strategy  la  a  winning  atrategy  for  every  member 

o£  ifcVi- 
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Proof : 

Let  a  e  ^  T^;  then  for  ease  n,  a  c  Tfl,  n  >0, 

If  n  a  1,  then  q(s)(a)  cl  showing  that  Q  la  a  winning  strategy 

for  T  . 

Let  Q  be  a  winning  strategy  for  all  a  e  T^.  Let  a  eTt+1,  then 
by  definition  of  Q 

Q(s>(s)  ctL 

Since  q  is  a  winning  strategy  for  T^,  there  exists  a  sequence  f ^ ,  f ^ .  .  ..C^ 
such  that  fi(fl_1..  ,fl(Q(s)  (s))...)  e  T;  and 

fk  =  Q(fk_l< . .  .f  (Q(«)(a))  . . .)  for  each  V.  <  i. 

Hence  Q  is  a  winning  strategy  for  s. 

The  next  theorem  shows  that  one  can  make  the  following  state* 
ment,  "Tf  there  is  more  than  one  evaluating  strategy,  then  it  is  unnecessary 
t"  use  any  one  of  them  consistently  to  arrive  at  a  solution",  formally, 
it  can  be  stated  as  follows. 

Theorem  2, 7  Let  {Sg,)  be  a  partition  of  -  X.  Let  (Q^}  be  a  set  of 

o 

evaluating  strategies.  Let  K:  (SQ)  -*  (Q^}  associate  a  strategy  with  each 
class  of  the  partition.  Denote  by  K(Sa)/Sa  the  restriction  of  K(Sa  )  to 
S^.  Then^K(Sa  )/S^  is  an  evaluating  atrategy. 

Proof; 

Let  a  €  Sa.  ThenU  K(Sa  )/Sa(s)  =  K(Sa>(s).  Since  K(S^)  La 
an  evaluating  strategy  If  s  c  T^,  then  K(Sa)(s)(s)  c  j. 


Hence  for  all 
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proving  0  K(S. ) )S~  la  an  evaluating  attatagy.  Thar  domain  of  U  K(S  )/S  la 
as  required  for  a  strategy  follows  for  the  definite  of  (S^ ) . 

In  view  of  this  theorem,  If  is  now  not  necessary  to  know  the 
description  of  the  equivalence  classes  of  the  Kernel  of  a  specific  evalu¬ 
ating  strategy  to  apply  It,  All  one  need*  to  know  la  that  some  evaluating 
atrategy  la  being  applied.  To  aeaure  oneself  of  that,  one  needs  to  know 
the  descriptions  of  the  o*st«  instead.  Knowing  these  descriptions,  one 
can  find  a  winning  solution  for  a  by  finding  out  that  a  c  T^  and  obtaining 
control  f  €  Fq  auch  chat  f(a)  c  Tj  If  FQ  ia  a  tractably  small  set,  this 
can  be  done  by  enumeration.  The  resulting  sequence  of  applications  of  con¬ 
trols  will  be  according  to  tome  winning  strategy  and  yield  a  solution.  If 
Fq  be  infinite,  there  la  no  claim  that  thia  met’.od  of  constructing  winning 
situations  is  in  any  way  realistic. 
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8.  Strategies  Based  on  T1 

Th )  construction  of  evaluating  atrateglea  depend  strongly  on 
having  available  the  description  of  each  set  In  an  evaluation  In  seme 
special  cases,  it  may  be  possible  to  develop  a  strategy  with  a  much  sculler 
repertoire  of  descriptions.  In  whet  follows  e  method  for  etretegy-construction 
will  be  discussed  which  surely  needs  a  description  of  T' . 

Given  s  W-problen  <5,  ?  T>  one  can  define  a  relation  Kf  on 

S  as  follows 

aK’b  if  and  only  if  for  some  £  e .F  ,  b  *  f(a).  Let  K  be 
the  transitive  closure  of  K* .  K  is  the  property  that  if  aKb,  then  one 
can  change  situation  a  to  situation  b  by  the  successive  applications  of  con* 
trols. 

A  W-probletn  will  be  called  progressively  finite  if  and  only  if 

FI.  K  is  irreflexive,  l.e.  no  situation  a  la  auch  that 
sKs  (no  "looping"  is  possible). 

F2.  There  is  no  infinite  chain  ai’*2’B3'*‘  such  that  for 
each  l  s^Ka^ 

FI  effectively  says  that  each  action  taken  on  the  way  to  solving 
a  problem  is  "irrevocable".  In  a  way  this  is  a  very  comforting  situation, 
since  no  matter  how  "blindly"  one  applies  control,  one  never  get.  "caught 
.  loop" , 

F2  essentially  says  that  the  process  of  applying  controls  always 
reaches  a  "dead  end"  .  This  prevents  one  "going  on  forever"  on  an  "open- 
ended  loop". 

Neither  the  Tower  of  Hanoi  problems  nor  propositional  calculus 
described  in  Sec.  U  are  progressively  finite.  There  will  be  occasion  to 
exemplify  the  analogs  of  progressively  finite  problems  in  the  next  Chapter 
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when  the  game  ot  Him  li  discussed.  For  the  preeent  only  some  formal  proper- 
tits  of  pt ogrea m  1  v*£  1  v  £ iuiii  problems  will  be  discussed. 

K,  being  a  Irreflexlve  and  traneitlve  la  neceaearlly  antl- 
aymaeerlc.  That  la,  tt  h  the  two  eeeentlal  properties  of  a  partial  order, 
Every  chain  In  thla  order,  being  Unite,  hae  a  tower  bound.  Hence  the 
net  of  situation*  have  a  set  of  minimal  element*. 

The  most  useful  thing  about  progressively  f lnlteW-problems  Is 
that  a  description  of  Tl  and  {as  a  part  of  the  problem  specification)  T  is 
all  that  la  needed  to  construct  a  winning  strategy.  To  see  this,  one  can 
define  the  following  kind  of  a  atrategy. 

A  atrategy  Q:  Sf  -  T  -*Fo  la  called  cautloua  If  and  only 

o 
If 


a  €  T»  Implies  Q(s>(s)e  T'U  T 


Evidently,  alnce  every  evaluating  atrategy  la  a  cautloua  strategy, 
cautious  strategies  exist.  However,  the  Important  thing  to  note  la  that  every 
cautious  atrategy  la  a  winning  atrategy,  whether  It  la  an  evaluating 
atrategy  or  not,  aa  long  at  the  problem  la  progressively  finite.  This  can 
be  eeen  In  terms  of  the  two  following  theorems. 


Theorem  2.8  Let  f*  be  a  progressively  finite  W-problem.  Let  Sfl  be  the  set 

of  minimal  elements  of  K,  Then  S  -  T  ®  S  -  T' . 

o  — 


Proof: 

that  f(s) 


a  c  S  If  and  only  If  there  la  no  f 

O 

s'  .  Hence 


S„  ■  S 

O 


c  F  and  no  •' 
o 


c  S  such 


Thla  lead*  to 
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s  -  r£s 


c  .  T 
“0  ' 


Theorem  2.9  In  a  progressively  finite  W-problem  every  cautious  strategy  le 
•  winning  strategy  for  every  element  of  T'. 

Proof ; 

Let  s  e  T*  and  Q  a  cautious  strategy.  Define  a  sequence  |sj  of 
situations  as  follows: 

•o  *  * 

°i+i  *  9<8i>(V  £or  *11  L‘ 

It  Is  clear  from  the  definition  that  for  all  i,  fljKsi+^.  Hence 
the  sequence  Is  finite.  Let  s£  be  the  minimal  element  of  this  chain. 

If  I  for  some  i  <t,  then  the  sequence  Q(8q)  ,Q ( s ^ ) ..  ,Q( ■  ^ ) 

is  a  winning  sequence  showing  that  Q  is  a  winning  strategy  for  sq,  If 
a^  i  T  for  all  i  <  t,  then,  since  Q  is  a  cautious  strategy  s^  c  T'  for  all 
i  <  t.  Hence  st  e  T'  in  particular.  However  s£  e  Se,  being  a  minimal 
element  of  K.  Mso  st  ^Tvhenrcst  £  Sfl  •  IC  S  ■  I1  by  theorem  2.7  which 
contradicts  st  e  T'. 

It  can  be  stated  in  a  way  analogous  to  the  discussion  at  the 

end  of  the  last  section  that  for  applying  a  cautious  strategy,  the  descrip* 

tlon  of  the  >.  .uivalence  classes  of  its  Kernel  need  not  be  known.  If  one 

has  a  situation  s  ?  T'  and  chooses  f  £  F  such  that  f(s)  e  T' ,  one  knows 

0 

that  some  cautious  strategy  is  being  applied.  To  prove  this  rigorously  one 
would  have  to  prove  an  analog  of  theorem  2,7,  This  appears  straight-forward 
and  need  not  be  belabored  here.  Indeed,  some  may  even  argue  that  all  this 
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"rigorous  rigmarole"  (even  if  it  is  considered  rigorous  --  there  are  many 
small  points  slurred  over  in  the  discussion)  does  not  yield  any  results 
that  one  could  not  be  gleaned  intuitively.  Indeed,  most  rigorous  discussions 
often  take  place  only  after  some  intuitive  basis  for  them  have  been  suggested. 
However,  rigor  has  the  advantage  that  through  it  one  can  clearly  see  the 
conditions  under  which  the  intuitively  obtained  results  are  valid.  This 
gives  a  clearer  Insight  Into  how  *.i  intuitively  feasible  operation  may  be 
Improved  when  it  is  found  to  be  unusable  in  reality.  In  our  discussion  of 
the  General  Problem  Solver  in  the  next  two  sections  we  shall  endeavour  to 
explain  the  many  reasons  for  the  occasional  failures  of  the  GPS. 
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9.  Strttggm  Based  on  SubgoaU  --  the  G&naral  Problem  Solver  no 

To  discuss  method*  based  on  eubgoale,  it  will  be  necessary  to 
discuss  evaluations  based  on  sets  other  than  T  One  of  the  subgoal-types 
used  in  the  G?S  is  "Apply  operator  f  to  situation  s" .  This  is  a  trivial 
operation  if  s  e  S^.  Otherwise,  one  sets  up  the  subgoal  "Transform  s  so 
that  f  can  be  applied".  This  is  equivalent  to  solving  a  new  problem,  with 
S  and  the  some  as  before  but  with  T  replaced  by  .  Any  solution  for 
this  new  problem  may  be  discussed  in  terms  of  evaluations.  It  lu  probably 
not  essential  to  uce  the  idea  of  evaluations.  However,  at  the  present 
level  of  the  author's  understanding,  any  concept  more  general  then  evalua¬ 
tions  is  apt  to  be  hard  to  handle.  Moreover,  workers  using  the  idea  of 
subgoals  often  have  the  idea  of  "reducing  differences"  impliclty  in  their 
argument.  So  the  use  of  evaluation  as  a  cornerstone  of  the  theory  of 
subgoals  will  probably  not  be  an  inherent  limitation  on  the  way  workers 
in  the  field  interpret  the  term  "subgoals". 

Given  a  W-probletn  and  a  subset  XC  S  one  defines  a  class  of 
sets  X,  .s  follows 


X  =  X 

O 

and  for  all  i  >  0 


i 

Xi+1  "  I  *  Ho  Xk  and  (^f)(fe  and  f(s)  e 


As  in  section  7,  we  shall  denote  ^  Xj^  by  X'. 

One  now  defines  a  set  of  subsets  (S.v)  .  _  of  X',  indexed 

£X  t  €  r 

O 

by  F  ,  as  follows 

s  e  iff  for  some  1  >  0 
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i  eXL  and  f(s)  (X^j,  Tha  (S^)  f  F  are  not  necessarily  pairwise  dls- 

o 

joint.  However  3jx  =  X'.  The  class  of  aeta  (S^^) f  e  F  *,B  fl  cover» 

o  o 

rather  than  a  partition  on  X1. 

The  GPS  aeta  up  the  goal  "Apply  operator  f  to  8ltuatlon  a"  In 

view  of  the  recognition  of  certain  differences  between  the  winning  eet 

(either  T  or  S  for  same  g€  F_).  The  extraction  of  this  difference  doee 
g  o 

not  aaaure  that  se  Sj.  For  the  purpoaea  of  the  present  diacuasion  the  aet 
Sfx  ^  denote  the  set  of  all  situations  b  such  that  if  the  sub»p"oblem  is 
"transform  a  to  X",  the  the  subgoal , *^pply  f  to  xM  will  be  set  up. 

Although  the  GPS  is  a  scheme  for  directed  search  for  solution, 
one  can  envisage 'difference  tabled1  in  GPS  which  give  rise  to  minltuu'a  search. 
A  GPS-like  algorithm  will  be  quoted  late  in  this  aectlon  which  would  be 
effective  on  such  an  optimal  decision  table.  Our  main  purpose  in  this 
section  willbetoset  up  certain  conditions  on  the  structure  of  the  difference 
table  (the  sets  S°x>  which  are  sufficient  for  the  successful  convergence 
of  that  algorithm.  The  sufficiency  will  be  exhibited  with  a  series  of 
lemmata ,  Later  on  there  will  be  occasion  to  discuss  how  one  can  make 
modifications  of  the  given  algorithms  to  an  exact  replica  of  the  GPS.  It 
will  be  indicated  how  the  convergence  can  be  assured  even  for  a  slight 
relaxation  of  the  axioms  on  S°x>  The  axioms  regarding  the  sets  Stt  wlU 
make  explicit  certain  assumptions  which  are  either  tacitly  made  or  hoped 
for  in  literature  about  the  difference  tables.  It  is  considered  useful 
to  bring  these  "out  in  the  open". 

One  assumes  initially,  of  course,  that  the  difference  table  is 
such  that  if  a  situation  can  be  transformed  into  a  winning  situation,  the 
difference  table  will  indicate  some  transformation  for  it.  This  is  re¬ 
flected  in  axioms  01  and  D3  below.  Also,  if  a  certain  transformation  is 


i 


i 
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Jit«Hcal«d,  then  if  the  transformation  is  applicable,  the  "distance"  between 
the  situation  and  the  winning  states  is  actually  reduced.  This  is  indicated 
in  D2  below.  This  reduction  may  be  considered  inessential  and  it  may  be 
possible  to  prove  convergence  for  a  more  relaxed  condition:  for  the  present 
this  assumption  is  made  as  a  member  of  sufficient  conditions  only. 

Another  important  assumption  (which,  perhaps,  may  also  be  relaxed)  indicates 
that  if  the  application  of  a  certain  transformation  f  is  indicated,  then  any 
other  transformation  w.ed  for  making  f  applicable  does  not  carry  the  altua* 
tior.  away  from  the  winning  set. 

One  reason  for  setting  up  the  assumptions  formally  is  to  indicate 
that  the  convergence  of  the  GPS  is  difficult  to  assure  intuitively.  Hence 
if  relaxed  assumptions  are  envisaged  on  intuitive  grounds,  the  proof  of 
the  convergence  of  GPS  will  have  to  be  carried  out  with  a  certain  standard 
of  rigor. 

One  concentrates  on  the  following  class  of  sets 


d-Jt)U(s£|£  sfc\  . 

A  class  of  sets  ^S°x|f  e  Ffl,  X  c  d|  it  now  defined  with  the 
following  properties 

Dl.  For  each  set  X  e  D  and  each  f  e  F  ,  X'  =  rl*_  S*„  . 
«•  o  f  c  F  l  X 

o 

D£.  Sfx  l  9  implies 

9  +  S°x  fl  sf  C  Sfx  for  each  f  e  Fo,  X  e  D. 

sa  -  s«s. 


DA,,  a  e  (S®x  -  Sf)H  X^,  and  s  e  Sg  implies  g(s)  e  Sfx^  Xj 
where  j  <  i. 
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An  algorithm  modal ling  tha  GPS  (together  with  auggaationa  for 
making  the  model  more  reallatic)  will  be  given  preaently.  Meanwhile,  the 
following  aequence  of  ienxoata  will  indicate  the  convergence  of  the  algorithm 
aa  presented. 

Lemma  2.10 


Proof 


9 


b>'M' 


Hence,  intersect ing  both  aides  with 


s?SfnsfC  sfSf^sf- 

However,  by  definition  Sfs  Q,  S£  and  S|^  S{  »  0.  Hence  S°s  =  0. 

Contrapositive  of  D2  yields  S?u  a  0. 

£bf 

"*  1  > 

Given  an  element  s  e  T'  one  can  set  up  a  sequence ^  X  (s)|  of 
elements  of  D  (called  a  difference  aequence)  as  follows: 


X  (a)  - 


Since  s  e  T*  there  is  an  element  f  e  FQ  such  that  s  e  S£x°(s) 

01.  X1(a)  Is  defined  to  be  S^.  For  all  1  >  1,  X1^  *(a)  la  defined  if  and 

only  if  a  i  Xl(s).  Xn  this  case  a  c  S°  .  .  -  Xl(s)  where  Xi(e)  «  Sf  for 

«  <»>  c  ^ 

some  f  e  F  .  By  03  there  exists  age  F„,  such  that  a  e  S  .  .X  (a) 

8Xl(.) 

la  then  defined  to  be  S  .  Clearly  g  +  f ,  since  in  this  case  s  e  S 

8 

which  contradicts  lemma  2.10 above. 

l+l  i 


fS. 


A  difference  aequence  la  said  to  end  at  i  if  X  (a)  is  undefined. 


Lenina  2.11 


If  the  sequence  |  X*(s)  |i  =  0,1,... ends  at  n,  then  Xn(s)»t  Xi(a)  for 


any  i  <  n. 
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Proof 


If  Xn4^(a)  la  undefined,  then  ■  c  Xn(s) .  If  Xn(a)  =  X^(a),  Chan 


a  r  X^(s)  whence  X^+*(s)  la  undefined,  contradicting  the  hypothesis. 

The  difference  chain^’sequence^  for  an  element  UT'  is  not  neceaaarily 
unique.  However,  the  extra  assumption  will  be  made  that 

D5.  There  is  an  Integer  N  such  that  for  each  s  el1,  all 
difference  sequences  end  at  some  1  <  N. 

Lemma  2.12 

Let  |  X^(s) | 1  «  l,2,...n|  be  a  difference  sequence  for  s,  ending 

at  -i .  Let  Xn(s)  =  Sf,  and  X^Cs)  =  S  for  all  l  >  1.  Then  f(s)  £  S°  .  . 

*  8^  -  »»*■*- 

for  each  i  >  1. 


gtx‘  ‘(a) 


Proof 

By  lemma  2.11  f  /  g^  for  all  l(l<l<n).  Also,  by  definition 

of  difference  sequence  s  e  S°  ,  .  -  S  for  each  1(1  <  1  <  n) .  Again  by 

l-l  (•)  m 

Dl,  s  €  (X  (a))'  whence  -  "l  1 

s  £  <S°  *  '  /«1-1 


s  £  X  (s))j  for  some  J,  Hence 


5  t,  -  S  )  f}  (X  (s))  .  Since  f  ^  g  ,  by  D4  f(s)  e  S  .  . 

8t*  l(s)  \  i  1  g/*l(s) 


Lemma  2.13 


Under  the  hypothesis  of  Lemma  2.12,  If  s  e  (Xi(s))  for  each  1, 

1  Jl 
then  f (a)  €  (X  (i))^  where  k£  <  Jt. 

The  proof  follows  a-forteriorl  from  the  proof  of  Lemma  2.1 2 

Let  be  a  difference  sequence  fors  ending  at  n.  Then 

s  £  S°  .  .  for  all  1  <  n.  Me  can  prove  the  following  rather  crucial 

<■> 

lemma. 


Lemma  2.13 


For  s  £  S°  .  ,  either  a  e  Xl(s)  «  S  or  there  U  finite 

8jXl" 1 (s)  81 


« 


P 


} 


••quance  h1,h2,...hk(hl  €  Fq)  such  that  hk<hk-1  ( . .  .h^e)  . , . )  €  S°  ^ 


A  S  , 

5l 

Proof 


«tX‘  ‘(a) 


Thi*  is  trivially  trua  If  1  -  N,  since  i  E  S°  „  ,  AS 

V  C)  *« 

by  D5.  Tor  1  •  N-i,  if  a  e  S  ,  than  a  c  s  .  (\  $„  C  &  M1 

*N-1  */  <»>  %  41  ^-‘(O 

AIbo  from  tha  proof  of  lemma  2.12,  a  e  <XN_l(a»k  for  some  k.  Henca  g^a)  c 

.  by  definition  of  S  M  .  .  Also,  be  lemma  2.12  g^fs)  e  S°  „  „  . 

«/  <■>  «N-1X 

Hence  there  exist,  a  g^  (by  D3  and  D5)  auch  that  g^a)  €  s°  0  S° 

«i*  '  <•>  *N 

whence  g^g^s))  c  (XN  ^  r*P*tltl°n®  of  this  process  one  obtains 

an  elestent  as  indicated  in  the  theorem. 

Let  now  this  theorem  be  true  for  1  «  k.  Let  s  e  S° 

•k-1*  <“> 

k- 1 

If  8  4  X  (a)  -  S  then  by  D3,  •  e  S#  .  .  .  Either  a  e  S  or  there 

8*-l  g/’^a)  »k 

Is  a  finite  sequence  {  hjhj^  e  Fq  i  <  n\  auch  that  hn(hn.|  *  •  .^(a)  . . .)  e  Sg  . 

If  for  some  J,  h^(h^j  . ,  .h^(s) . . .)  e  Xk  ^  (a)  then  the  theorem  is  proved. 

Otherwise,  let  s  c  (M)a.  Then  B^VVl *  *  *hi<«)  *  •  •>  *  <Xk*l{a»n-1 ,  By 
®  finite  repetition  of  this  process  one  eventually  art  Ives  at  an  element 
>'  cXk“l<s). 

One  can  now  state  the  basic  result  of  this  section.  Let  s  e  T1 

o 

By  considering  the  above  lemmata  one  can  see  that  if  all  the  elements  of  a 
class  of  sets|  sj^jf  <r  TQ,  X  c  can  be  recogniaed,  then  the  following 
process  will  generate  a  winning  solution  for  sq  in  a  finite  number  of  steps. 
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1.  Set  k  -  1,  J  -  0,  1  .  0,  let  X1  -  t. 

2.  If  «j  €  X1,  go  to  step  4. 

3.  If  a .  i  X.,  find  f  aueh  that  a  c  S°  ,  aet  1  -  i+t, 

J  i  J  fXl 

X1  m  S£.  Return  to  atep  2. 

4.  If  X*  *  T,  Stop. 

5.  If  x1  »  sf,  set  j  «  j+i,  Sj  -  ,4t  C*unct)k  -  f; 

aet  k  a  k+1,  i  ■>  1*1.  Return  to  Step  2. 


A  class  js®x|f  ef0,  X  e  always  exists.  If  S°T  -  S ^ 

and  S°  «  Sf_  for  all  f,  g  e  Fq,  one  has  T'  *  S£T  aatiafying  Dl . 

g  g  o 

D2  is  satisfied  since  S^C  S£  for  all  X.  D3  is  satisfied  since  S£x-  S£  is 

empty.  D4  is  also  satisfied  since  the  antecedent  is  false.  D5  la  satis¬ 
fied  for  N  3  1  since  X'(s)  =  S£  implies  s  e  S^C  S£  hence  X2(s)  is  unde~ 
fined.  However,  the  set  of  classes  of  sets  (s°x|X  e  D,  f  c  may  be 
such  richer  than  the  consisting  of  only  the  class  foil'  'r,JUfc(sJf' 
g  e  Fq|  .  Hence  for  some  of  these  classes  may  be  easier  to  describe 

in  a  given  language  than  .  Hence,  in  spite  of  the  fact  that  the 

{SfT{are  (at  least  conceptually)  constructively  defined  and  the  f  S£x^  are 
not  (DI-D5  are  far  from  constructive  definitions)  so  definable  at  present, 
does  not  perclude  their  usefulness. 

The  above  discussion  is  intended  to  form  a  model  for  finding 
solutions  which  have  very  close  analogies  with  the  General  Problem  Solver. 
The  intention  was  to  set  up  the  S£x  as  the  Kernels  of  may:,  mapping  every 
point  to  some  specific  difference  with  X.  It  will  be  noticed  that  S£x  H 
S°  (g*tf)  is  not  necessarily  empty.  It  is  this  fact  which  gives  rise  to 

r* 

the  non-uniqueness  of  difference  sequences.  If  one  relaxes  the  condition 


i 

i 

i 
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D5  to  read,  "for  each  •  cT',  at  least  one  difference  sequence  ends  at  some 
1  <  N"  and  If  the  number  of  non-dla Joint  S°x  for  a  given  X  is  finite  a  small 
modification  can  be  toadc  in  the  procedure  to  find  such  a  difference  sequence. 
It  appears  from  a  perusal  of  the  flow-charts  of  the  GPS  that  the  occasional 
"back-ups"  are  caused  by  such  a  search.  The  search  can  be  cut  back  even 
further  by  the  fact  that  it  la  useless  to  have  x'(s)  *  X^(a>  in  any  difference 
sequence,  by  virtue  of  the  following  learns. 

Lemma  2,14 

I  £  ^  X^(s)|  is  a  difference  sequence  where  X^(a)  =>  Xk(s)(j>  k) , 
then  la  alao  a  difference  sequence,  where 

Ti(e)  •  Xl(a)  for  1  <  k 
Yi(s)  -  X(UJ)+k(e)  for  k  >  j 

The  proof  will  he  left  Co  the  reader.  The  point  that  la  to 
be  made  is  the  above  model  need  not  be  the  moat  faithful  model  of  the  GPS 
and  that  more  faithful  models  can  be  built.  However,  no  matter  what  the 
model  la,  it  may  be  worthwhile  to  consider  the  exact  conditions  (like  Dl  to 
D5  above)  under  which  the  model  can  be  used  for  finding  winning  solutions. 

When  a  GPS-like  program  meet*  with  occasional  failure,  the  need 
ariiea  to  modify  the  distance-transformation  table.  Such  modifications  may 
be  made  in  a  directed  manner  if  or.e  can  pinpoint  the  failure  to  one  or 
other  of  the  conditions  raquirad  for  tha  convergence  of  the  procedure  for 
constructing  winning  aolutiona.  Of  course,  to  enable  auch  a  process,  it  is 
necessary  to  undaratand  the  basic  structure  of  the  W-problem  involved. 

Often  this  structure  is  ill -understood  and  difficult  to  understand.  No 
attempt  is  being  made  here  to  ignore  the  difficulty.  However,  the  basic 


structures  presented  here  do  Indicate  «nm»  well-directed  avenues  which 
help  to  decide  the  directions  in  which  understanding  should  be  attempted, 
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10.  Sundry  Remark*  Regarding  Starch  for  Winning  Sequences 

In  Section*  7  and  B  methods  ware  developed  for  defining  strategist 
In  auch  a  way  that  the  uae  of  the  strategy  did  not  need  the  recognition  of 
the  element*  of  their  Kernel.  In  Section  9,  however,  what  waa  described 
waa  a  procedure  for  constructing  a  winning  sequence.  It  will  be  noticed 
that  for  finding  an  element  fR  of  the  winning  sequence  one  not  only  used 
the  point  s,  but  also  kept  in  mind  the  previous  procedures  ueed  In  finding 
(notice  that  in  Step  5,  1  was  set  to  1-1  after  the  finding  of  f^,  not  to 
1).  It  la  possible  that  one  can  uce  GPS-llke  procedure*  for  defining 
strategies;  (for  Instance  If  f  d  g  Implied  «■  0  for  all  X,  one 

could  easily  transfer  control  to  1  In  the  procedure)  however,  It  la  not 


clear  that  one  should  limit  oneaelf  to  the  concept  of  atrateglea  as  a 


method  for  aolutlon  construction. 

Two  remarks  connected  with  the  Tower  of  Hanoi  come  to  mind 
here.  The  reader  may  verify  that  the  following  procedure  generates  a  winning 
solution  for  <  (l ,2,3 , . . ,n) ,  0,  0  >. 


1.  Apply  <n,(-l)n+1) 

2.  If  the  resulting  atate  -  <  0,(1 ,2, . . ,n) ,0  >,  Stop. 

3.  In  the  resulting  state  <  (xqj/ •  <xqi  ) (X^, « •  *xj^) 

(x2i,...x21  )  >. 

Let  Xu,  n  n.  Find  max  (X,.  ,X .  )  -  X  ,  .  Apply  (X  .  ,s),  where  a  la 
kik  a.Jflc  ®*m  “c  le 

auch  that  t+#(mod  3)  i  k.  Return  to  step  t. 

In  word*,  "Move  the  smallset  disc.  Then  make  the  only  move 
poealble  without  moving  the  smallest  dlac.  Go  back  to  moving  the  smallest 
disc .  Alwaya  move  the  smallest  disc  in  the  same  direction". 
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This  procedure  doee  not  yield  the  winning  lolutlon  for  ell  situa¬ 
tions,  once  in  a  while  getting  into  a  "loop".  However,  for  the  esses  where 
it  doea  yield  a  solution,  the  solution  coincides  with  the  one  obtained  by 
the  previous  strategy  of  Section  6. 

In  neither  of  the  above  ciita  w«a  it  clear  as  to  how  the  pro¬ 
cedure  for  obtaining  the  winning  solution  was  discovered,  The  following  con¬ 
siderations  seem  to  lead  to  a  more  "natural"  way  of  obtaining  a  solution, 

One  realizes  that,  if  the  situation  <  (1,2,. ..n), 0,0  >  has  to  be 
coverted  into  the  situation  <0,  (l,2,.,,n),0  >  by  applying  controls  as 
restricted  by  the  rules  given,  it  is  necessary  that  1  be  "moved"  from  the 
first  to  the  second  position  and  for  this  all  the  other  discs  have  to  be  in 
the  third  position,  Hcncc  one  must,  sometime  in  the  course  of  applying  the 
controls,  obtain  the  state  <(1) ,0,<  2,3, .. .n  »,  which  then  is  changed  to 
0,  (1)  ,(2,3, . , ,»)  >.  It  is  also  clear,  that  now  the  set  ot  discs 
(2  , 3 , , .  ,n)  can  be  moved  back  to  the  second  position:  one  can  apply  a 
sequence  of  controls  very  similar  to  the  one*  needed  to  move  this  set  from 
the  first  to  the  third  position.  It  is  aieo  clear  that  the  problem  of 
going  from  <1,2, . . ,n),0,0^*to  <  (1) ,0,(2, 3, . , ,n)>  Is  analogous  to  the  prob¬ 
lem  of  going  from  <(l,,,.n-l),0,0>to  <  0,0, (1,2,.,  .n-i)  >.  These  conditions 
lead  naturally  to  the  setting  up  a  recursive  procedure,  to  be  called,  "Move 
(p,P+l,...n)  from  position  k  to  position  t'  (k-0,l,2;  2-0, 1,2;  l^k)" .  The 
procedure  is  as  follows: 

"If  p  =n ,  move  n  from  position  k  to  position  i  (apply  (n,t) 
where  k+t  -  /(mode  3)),  If  nrfp,  move  (p+l,,.,n)  p  from  position  k  to  position 
ra  (m^k.i).  Move  p  from  position  k  to  position  i.  Move  (p+l,...n)  from 
position  m  to  position  t' . 

The  overall  procedure  then  is  "Move  (1,2, ...n)  from  poeition  0 


to  poaitlon  1" , 
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What  has  been  done  above  is  to  set  up  the  idea  of  a  "Macro¬ 
control"  M(p,p+1, . , ,n;  k,  £)  which  consists  of  sequences  of  elementary 
control  a.  The  sequence,  as  shown  above  in  words,  is  generated  by  the 
following  definitions. 

1,  H(p;k;i)  -  (p,t)  where  k+t  =  £  (mod  3) 

2.  M(p,p+1, ...n;  k;  /)  =  M(p+l , . . . ,n;  k;  m)(p,t)M(p+l, 

. ,,,r<;  m;  t)  where  m  /  k,t 

If  one  now  expands  M(l,2,3;0;l)  to  generate  a  winning  sequence 
for  <  (1,2,3) ,9,9  >  one  obtains  the  following  sequence 

M(l,2,3;0;l) 

-  M(2,3;0;2)(i,+1)M(2,3;2;1) 

=  M(3;0;1)(2,-1)M(3;1;2)(1I+1)M(3;2;0)(2,-1)M(3;0;1) 

-  (3,+l)(2,-y3,+l)(l,+l)(3,+l)(2,-l)(3,+l) 
yielding  the  same  solution  as  in  Section  4. 

From  here,  it  is  a  matter  of  perseverance  to  show  why  the 
strategy  of  Section  6  Is  a  natural  consequence  of  the  above  recursive  pro¬ 
cedure.  This  will  not  be  attempted  here.  However,  the  point  has  to  be 
made  that  since  the  function  M{1 ,2, . . .n;k;f)  vac  not  in  the  original 
repertoire  of  elementary  statements  used  in  describing  the  rules  of  the 
game,  this  does  not  throw  any  light  on  how  one  can  mechanically  generate 
this  function  fro  '  Che  original  rules.  For  a  discussion  of  these  points 
see  Amarel  [15] . 

However,  all  these  considerations  do  shed  some  light  on  what 
is  often  called  "Method  of  Subgoal  generation"  in  literature.  Here  the 
term  will  be  used  somewhat  more  strictly  then  <  a  often  used,  to  give  some 
concrete  meaning  to  the  discussion.  The  discussion,  however,  will  remain 


Informal . 
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Given  a  W-proble®  <  S.FJT  >  and  an  element  c  T,,  k  <  J, 

O  B  J 

is  called  a  aubgoal  for  a^.  If  k  <  a  <  j  and  Tm  «■  ^  s'J  ,  a  unit  aet, 

then  the  pair  (s'.T^)  la  called  a  aub- problem  for  s^.  In  the  above  caae 

of  the  tower  of  Hanoi,  the  Initial  altuatlon  la  an  element  of  T  ,  }  the  only 

2 

element  of  the  T  .  that  need  be  conaldered  la  <  (1) ,0, (2,3, . . .n)  >.  The 
2n  -2 

attainment  of  this  aubgoal  T  .  leada  to  two  aueceaslve  aub -problems 

2n~  -2 

(  <  <l),«,<2,3,...n>  >,  T  )  where  T  -  «  i  <9 ,  <1> ,  <2,3, . .  .n>  snd 

2n  -1  f 

(  <  0,(l),(2,3...n)  >,  |<  0,(1, .. ,n)0  >  \ ) .  The  advantage  of  thla  kind 
of  breaking  up  of  a  problem  Into  sub-problems  la  evident  In  the  case  of  the 
Tower  of  Hanoi  --  the  successive  steps  In  the  breaking  up  exhibits  the 
entire  winning  solution;  As  to  whether  this  la  feasible  in  all  cases 
depends  heavily  on  whether  the  language  of  discussion  is  strong  enough  to 
indicate  that  some  cf  the  sub-goals  are  unit  seta,  i.e.,  when  there  are 
unit  subgoals.  Very  little  research  has  been  done  in  this  area,  even 
though  words  like  subgoal  and  'sub- problem1  v  .  been  around  ever  since  the 
inception  of  the  field.  The  reason  may  very  wt 11  have  been  that  the  advan¬ 
tages  of  precision  of  definitions  have  been  consistently  overlooked. 

It  ought  to  be  pointed  out  t;tat  the  idea  of  subgoals  has  mean¬ 
ing  even  when  subgoals  are  not  unit  sets.  The  reason  for  this  is  as 
follows.  If  soc  Tj  and  m  <  j  and  Fq  is  a  finite  set  of  cardinality,  say, 
k.  Then  there  are  at  most  kn“^  possible  control  sequences,  at  least  one 
of  which  leads  to  a  situation  in  T  .  From  this  situation,  at  least  one  of 
at  most  km  sequences  leads  one  to  a  winning  situation.  Hence  if  can  be 

recognized  to  be  In  T.  and  T  can  be  recognized,  a  total  of  at  most  kra+ 
systematic  searches  are  necessary  instead  of  the  searches  that  would 
otherwise  required  in  the  absence  of  any  knowledge  about  the  .  Of  course, 
all  this  search  would  be  unnecessary  if  T^  could  be  recognized  for  each  1. 
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In  the  previous  aectiona,  the  entice  idea  of  aearchea  have  been 
avoided.  As  indicated  above,  aearehes  become  necessary  when  any  of  the 
techniques  discussed  in  the  previous  sections  (or  similar  techniques  not 
discovered  yet)  cannot  be  applied  due  to  ones  inability  to  recognise  some 
of  the  sets  involved. 

At  present  very  little  is  understood  about  optimal  search  pro¬ 
cedures  in  the  context  discussed  in  this  book.  In  what  follows,  a  very 
informal  approach  will  be  made  towards  setting  up  some  ideas  on  the  basis 
of  which  search  may  be  discussed.  However,  it  ought  to  be  pointed  out  at 
the  outset  that  search  cannot  be  carried  out  with  confidence  --  even  in 
principle  --  if  there  is  no  method  for  recognising  T'. 

Given  a  W-problem  (S,Fo,T)  one  can  associate  with  each  s  c  S 
a  set,  F(s)  =  ^£|f  e  Fq  and  a  e  Sf  | ;  F(s),  of  course  is  given  by  the 
rules  of  the  problem,  K(s)  will  denote  the  set  of  all  linear  well-orderings 
on  F(s) .  Clearly,  any  element  of  K(s)  is  a  subset  of  F(s)  x  F(s)  and  hence 
a  subset  of  F  x  F  .  Let  B(F  x  F  )  denote  the  set  of  all  subsets  of  F  x  F_, 
i.e,,  the  set  of  all  binary  relations  on  F  .  By  a  search  strategy  will  be 
meant  a  function 

V  S  -*B(F0x  Fq> 

such  that  ST(s)  c  K(s)  for  every  s.  For  some  elements  of  s  (when  s  l  ^ 
ST(s)  is  the  empty  ordering. 

On  the  assumption  that  Fq  is  finite  and  T'  is  finite  and  recog- 
nlable  and  given  any  search  strategy  ST  one  can  set  up  the  following  pro¬ 
cedure  for  constructing  a  winning  strategy  for  BQe  I", 

1.  Set  i=0 

2.  Set  Xt  =  ST(si) 

3. 


If  £  T  stop:  indicating  success 
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4.  If  £  T!  eat  L-i-1  if  1  >  0  and  return  to  step  6.  Other¬ 
wise  stop  indicating  failure. 

5.  If  a^  =  for  some  j  <  i  set  i«l-l  if  i  >  0  and  return  to 
step  6,  Otherwise  stop  Indicating  failure. 

6.  If  is  empty  set  1=1-1  if  i  >  0  and  return  to  step  6. 
Otherwise  stop  indicating  failure. 

7.  Set  (funet)^  =  least  element  of  X^.  Subtract  (funct)^ 
from  \i  and  store  result  as  X^.  Set  1=1+1,  (funct)^_1 
( 8 ^  p  =  st.  Return  to  step  2. 

Such  a  procedure  (an  exhaustive  search  determined  by  S^.)  would 
stop  after  a  finite  time  indicating  success  for  all  sq  eT*.  In  a  progressive¬ 
ly  finite  problem  (see  Section  8)  T*  need  not  be  finite  for  completion  of 
the  procedure.  However,  the  crucial  point  here  is  the  fact  that  this 
finite  procedure  may  turn  out  to  be  impossibly  long  if  is  not  well 
chosen.  If  S^(s)  turns  out  to  be  such  that  its  least  element  turns  out 
to  be  f  where  s  e  S^,  then  an  extremely  rapid  process  will  result. 

One  can  say  somewhat  imprecisely  that  most  methods  developed 
by  workers  in  the  field  consists  of  setting  up  efficient  search  strategies, 

Most  methods  dealing  with  problems  of  the  W-problem  type  tend  to  set  up 
sets  like  S-^,  S°x>  or  T'  as  described  in  previous  sections.  These  are 
set  up  generally  from  common  sense  (or  "learned"  --  as  later  chapters  will 
indicate).  However,  it  is  kept  in  mind  that  the  sets  "guessed  at"  may  not 
coincide  with  what  they  are  supposed  to  be  so  that  when  a  certain  control 
applied  to  a  certain  situation  does  not  lead  to  a  winning  situation  one 
can  "start  over  again"  using  a  different  control.  This  leads  to  something 
in  the  nature  of  a  aearch-strategy .  In  many  cases,  it  has  turned  out  that 


the  search  strategy  so  Induced  Is  better  than  what  can  bp.  expected  from 
an  arbitrarily  chosen  search-strategy. 

Search  strategies  in  Literature  are  often  based  on  what  are 
called  "Intermediate  Evaluations".  In  the  point  of  view  adopted  in  this 
book,  the  Intermediate  Evaluation  Functions  are  aieraly  alternative  ways 
to  form  description#  of  the  ^T^  or  of  T*.  This  will  be  discussed  at  some 
length  in  Ch»pter  HI.  It  will  auffice  to  point  out  here  that  since 
Intermediate  Evaluations  are  functions  with  the  set  of  sltuatione  as  their 
domain,  their  Kernels  defines  partitions  on  the  situation-set  £»  . 

There  is  a  general  belief  often  expressed  in  the  literature 
that  problems  can  be  best  attacked  by  "going  backwards"  from  the  winning 
situation,  i.e.,  by  successively  generating  members  of  T^ ,  T2,  T^,  etc., 
till  sq  is  located  in  some  T^.  This  belief  would  be  valid  if  these  sets 
did  not  grow  exponentially  with  l.  For  instance,  if  the  problem  had  the 
structure  of  a  tree  rooted  at  sq  (i.e.,  if  all  situations  s  4  bq  was  such 
that  s  =  f(s')  for  an  unique  f  and  s')  then  such  a  generation  method  would 
be  highly  efficient.  Exactly  the  opposite  case  would  occur  if  each  situation 
in  T*  was  a  member  of  for  only  one  f  and  esch  situation  s  was  such  that 
for  each  f  €  there  was  a  situation  s'  such  that  f(a')  3  t.  Here,  it 
might  be  better  to  "go  forward" . 

The  above  paragraph  Indicates  that  search  processes  based  on 
enumeration  of  situations  can  only  succeed  in  very  special  cases.  Methods 
for  recognising  such  special  cases  have  not  been  developed.  Nor  have  many 
methods  been  developed  for  constructing  descriptions  of  the  sets  discussed 
in  Sections  7,  8  and  9  from  the  description  of  the  problem.  It  is  becoming 
increasingly  clear  that  the  use  of  the  proper  description  language  is  s 
very  crucial  matter  here.  This  will  be  discussed  in  somewhat  greater  depth 
in  later  chapters. 


Before  concluding  this  chapter  and  section  it  may  be  worthwhile 
to  point  out  that  although  a  study  o£  efficiencies  of  search  strategies 
has  not  been  made  in  a  rigorous  way,  it  may  be  extremely  worthwhile  doing. 

As  clearer  understandings  develop  of  the  sets  discussed  in  this  chapter  and 
more  are  added  to  this  repertoire,  the  effect  of  errors  in  recognising  these 
sets  may  be  come  clearer. 


CHAPTER  HI  *  GAMES  AMD  SOLUTION  METHODS 


1 ,  Introduction 

In  the  previous  chapter  M-situations  were  Introduced  as  formal 
structures  and  the  Ideas  of  forcing  situations  and  neutral  situations  were 
introduced,  as  well  as  the  idea  of  winning  and  non- losing  strategies.  Also, 
an  important  theorem  (Theorem  2.1)  wes  quoted  regarding  the  existence  of 
winning  and  non-losing  strategies. 

The  general  model  above  wes  then  specialised  to  yield  a  class  of 
structures  which  hed  one-one  correspondences  to  W-  problems.  Also,  it  was 
shown  that  winning  strategies  of  these  special  class  of  M-sltuatlons  could 
be  utilized  for  constructing  W-strategies  for  the  corresponding  W>  problems 
and  hence  for  constructing  winning  solutions.  It  was  indicated  how  W-  pro¬ 
blems  ere  adequate  formal  models  for  many  problems  studied  in  the  field  of 
Artificial  Intelligence,  A  number  of  alternative  methods  of  constructing 
winning  solutions  for  W-problems  were  then  discussed. 

A  similar  sequence  of  discussions  will  be  undertaken  in  the  pre¬ 
sent  chapter,  dealing  with  the  formal  model  of  a  wide  class  of  two-person 
board  games.  As  la  well-known  the  classical  model  of  games  can  be  specia¬ 
lized  to  cover  exactly  the  same  situations.  Many  of  the  formal  notions 
Introduced  will  be  superficially  analogous  to  those  introduced  in  Chapter  II 
however,  it  is  not  clear  that  the  ideas  in  Chapter  II  would  be  special  cases 
of  ideas  developed  in  the  present  chapter.  Such  relationships  will  not  be 
discussed.  Also,  as  before,  no  attempts  will  be  made  to  derive  results  as 
special  cases  of  results  obtainable  for  M-sltuations  —  even  though  it  may 
be  possible  in  some  cases. 


“03“ 


In  the  next  section  the  special  class  of  M  situations  will  be 
introduced  as  models  of  game  situations  and  the  special  properties  of  winning 
strategies  pertaining  to  these  models  will  be  discussed.  In  Sec.  3  specific 
board  garnet  will  be  formalised  to  conform  to  the  atructure  of  theae  special 
classes.  In  later  sections  methods  for  construction  of  winning  strategies 
will  be  considered.  Here,  as  in  the  previous  chapters,  ths  importance  of 
the  language  for  describing  certain  sets  of  situations  will  be  kept  in  mind. 


84  - 


2,  Gang  Sltugttong  and  Strategics 

A  JgjMlc  Game  Situation  li  an  M-tituation^S ,  C,  D,  M,  S^,  S,^ 
with  two  pre-speclfled  elements  cfl€C  and  dfl<  D  such  chat 

Gl)  ScflSd  i4  fi  implies  either  c  ■  C0  or  d  ■  dfl  but  not  both. 
The  following  facta  are  worth  noticing 


li)  Sd  -  o  sc 

o  c»*c0 


Proof;  Let  e«S  ,  then  by  definition  there  exists  a  d*D  and 
■  c0' 

•  *46  S  such  that  (a,  c  ,  d,  s')£M  whence  a  (  J^D  S d>  However  s^  3^  since 
Sc  0  Sd  -  t  by  Gl.  Hence  Sc  £  ^  Sd. 

O  O  0  0 

Conversely,  If  s#Sd  where  d  +  d  ,  then  by  the  same  argument  as  above  there 

exists  a  c  such  that  s«S  flS  .  However  since  d  i*  d  ,  by  Cl  c  ■  c  ,  Hence 

d  c  o  o 

«£  S,  ,  Hence  S,  JU  S.. 

Co  Co  d*»  d 

The  second  part  follows  similarly 

Lemma  3.2 

1)  s C Sr  and  c  ^  c  Implies  i<  S 
o  r  c 

11)  s6S,  end  d  ^  d  implies  a  S . 

d„  o  To 


Proof:  By  laama  3.1  if  S  and  c  j*  c  implias  s(S,  .  but  this 

c  o  d 

o 

implias  a<  S  H  sj  which  contradicts  Gl, 
co  o 

Ths  second  pert  follows  similarly 

The  above  lemmata  indicate  that  has  a  partition  consisting 

of  S.  and  ~2C  S  .  The  seme  set  U  S  coincides  by  definition  of  M- 
Co  o  «  caC  c 

situations  with  this  in  its  turn  has  e  partition  coinciding  with 

the  previous  partition,  S,  coinciding  with  end  M  s  coinciding 

do  c*C  c  °*»0  d 

with  S  . 
co 
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The  idea  of  bade  game  situation  will  further  be  specialised  for 

our  purposes  in  the  following  way;  A  basic  game  situation  will  be  called 

a  game  situation  if  it  obeys  the  following  additional  axioms, 

G2)  S  US  Cs  -  Us  *  S  -  Us 
W  L  c<  C  c  d«D  d 

G3)  s«S  OS,  implies  ( c  ,  d)(s)  S  -  Su  -  S 


G4)  s<  S  fl  S,  implies  (e ,  d  )(s)  S  -  S  -  S 

c  d0  a  L  d0 

In  effect  the  axiotss  say  the  following.  "The  players  play  alter¬ 
nately  (c  and  d  standing  for  "inriction").  The  game  stopa  whenever  a  win 
o  o 

or  a  loss  is  reached  (it  can  also  stop  in  a  draw  --  see  definition  of  in 
Chapter  II).  The  opponent  ("disturbance")  cannot  make  a  final  move  into  a 
win  and  the  player  cannot  make  a  final  move  into  a  loss". 

It  Is  possible  that  the  major  points  that  will  be  made  about  game 
situations  can  be  made  with  much  weaker  assumptions  than  made  here.  However, 
this  fact  will  not  be  emphasized  further  in  this  book. 

As  in  the  previous  chapter,  the  next  paragraph  will  introduce  « 
somewhat  slmpler-looking  structure  which  will  have  many  properties  in  conmon 
with  game  situations, 

A  board  game  is  given  by  the  5-tuple<S,  G,  F,  W(  L  ^  where 
S  is  an  abstract  set,  F  and  G  sets  of  functions  from  subsets  of  S  into  S  and 
W,  L  subsets  of  S,  with  the  following  properties 

E‘>  (  UT  •  6 

B2)  W/lL  »  » 

B3)  WULC  3  -  S  -  U  S 

f6  F  f  ge  G  g 

B4)  sf  S  and  f£F  implies  f(s)  £  S  -  ,V  _  S  -  L 
f  t  a  r  f 

B5)  8  £  Sg  and  g^G  implies  g(s)  fc  S  -  W  -  S 

Given  a  game  situation  R  *  ^S,  C,  D,  M,  S w>  5^  ^  one  defines 
a  5-tuple  B(R)  -  ^S,  F,  G,  W,  L^>  as  follows 
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1)  W  -  Syi  L  -  SL 

11)  for  each  eg  C,  there  le  eh  unique  element  f^  P  euch  that 

fc  "  (c,  dQ)  and  these  are  the  only  mambera  of  F.  For  each  d  D  there  la 

an  unique  element  gd  G  euch  that  ■  (cQ,  d)  and  these  are  the  only 

members  of  C.  t  end  e.  ere  not  defined  since  <c  ,d  )(■)  le  not  defined, 
c  „  o  o  o 

0  O 

Theorem  3, 3  Given  a  gene  situation  R,  B(R)  la  a  board  game. 

Proof;  S  le  a  set  and  W  and  L  are  subsets  of  S  as  required  by  the 


definition  of  a  board  gee*.  B2  le  satisfied  since  Sy  and  are  disjoint 

by  definition  of  en  M-altuatlon.  It  la  claer  from  the  conetruction  of  B(R) 

that  f*jJp  Sf  -  ScOsd  .  However,  alnca  Sd  -  Sc  by  lemma  3.1, 

one  haa  X)  S,  »  U  S  .  Similarly  s»  *  A4  s,v  Henca  fu  swu5u 

UT  t  cYc0<  y8<0  «  <»„*  [tit  tflfuof 

c7c  <sc  0  V  "  *  proving  Bl. 


Now  L>  S 
c«C  c 


\uU0  0  •  (A.  •.) 


•  (fVp  sf)u(i^o  0 
SMi.rlydUS().((U  EfJu(Uc  S,) 


whence  G2  raducej  to  B3. 

Again,  afcS  lmpliaa  a d  S  Os, 
c  c  d. 

o 

end  fc(a)  ■  <c,do)<a).  By  GJ  ,  fc(a)tf  S  -  Sy  -  Sd 

o 

•  S  -  W  -  JJ  S  proving  R4,  Slmilirly  ft 
^  p  f 

yields  B5. 

Glvan  a  board  gama  B  "^S,  F,  G,  W,  L  ^  ona  define*  a  6-tupla 

R(B)  -  <S,  C,  D,  H,  S„,  S  y  aa  followa: 

W  L 

l>.  SW  "  Wi  SL  '  L 

11)  For  tach  f<?  P  there  la  an  unique  element  cff  C,  In  addition 
there  la  en  element  cQ€  C.  These  ere  the  only  elements  of  C.  Similarly 


the  only  elements  of  D  are  dQ  and  an  unique  element  d  for  each  gtfG. 

O 
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ill)  (s,  e,  d,  s')CH  if  and  only  If 

either  a)  e  -  cfl,  d  ■  dg  for  some  gcG  and  a*  •  g(s) 
or  b)  c  «■  cf  for  iou  f«'F»  d  ■  d0  and  a'  •  f(s) 

The  following  learn*  i»  useful  for  tying  together  the  next  theorem. 
Let»*  3.4  If  B  is  *  board  gamers,  F,  G,  W,  then  the  follow¬ 
ing  is  true  for  R(B) 


*>  «e  -  «&  S,  -  Ai  Sd 


ii)  b. 


U  s 

f*F  Sf 


0  -  _  .  _  cVe^C 

1111  cVc  GC  -(ffr  s^Vg  sJ- 


Proof  of  1 

Let  »€SC  .  Then  there  exists  di'D,  s'f  s  such  that  (s,  c  ,  d,  s')$M. 
o  ° 

By  construction  d-d  for  some  gGG  and  s'  -  g  (s)  so  that  s€S  C  U_  s„. 

8  g  ~  g  t  O  g 

If  a*Sg  than  (s,  co,  dg,  g(#)  )€  M  whence  s  Sd.  Hence 

Sc0-  g^G  Sg^dy  Sd- 

Again,  let  sid^  S^J  hence  in  particular  s«Sd  .  There  exists 
0  g 

cfi  C  &  a'6  S  such  that  (s,  c,  d  ,  s'JgM.  Hence  c  -  c  i.e.  s'  -  g(s) 

6 

whence  a*  gUG  Sg.  Also  if  stSg,  then  (st  cQ,  dg,  g(i)  )€M  whence  s«Sc  . 


H.no.  s  3  Sg2  V  Sj. 


11)  is  proved  similarly 

ill)  follows  since  U  s  -  S  U  S  -  I  U 

c*C  c  c0  cjTcoc  (g6G 

d^d  Sd  ^  sd  "  ii D  Sd • 

o  o 

Theorem  3,5  Given  a  board  game  B,  R(B)  is  a  game-situation. 

Proof :  Let  (s,c,d,s')$M  and  let  (s  ,c  ,d  ,s")  ftM.  If  c  -  c  , 

0 


and  d  -  d  ,  then  s 1 


g(a> 


If  c  «  c  ,  d  -  then  s'  -  f(s)  -  s". 


-  r  o 

This  proves  Ml.  To  prove  M2  assume  sfcScO  Sd>  By  lean*  3.4  s 

cyCol.  "  (8^GSg)  '  ^  by  81  :  elther  c-  Cq  or  d  -  d5.  Also  by 


le  .Ma  3,4  S  f]  S  -  fi.  This  proves  Cl.  If  s £  S  f)  S . ,  then  by  G1  (already 
co  do  c 

proved)  either  c  *  c  .  d  ■  d  whence  (s,  c  ,  d,  g(s)  )jM  or  c  •  c  and 

&  o  *■ 

d-d  whence  again  (s,  c,  d,  G2  follows  since 


S„  U  S,  -  WUL£S  -  eO  S,  -  (J  s 
W  I,  f  tf  F  f  geGg 


by  B3. 


-  s  -  /  {U  s  >  U(  U  s  )) 

\  fjF  f  8  i  G  g  ' 

"S- 

To  show  G3  one  notes  that  s k S  S .  implies  sfeS  where  d  -  d  . 

co  d  8  6 

Hence  by  B4  ,  (c0,  d)  (s)«  g(s)£  S  -  W  -  gJ-*G  Sg  "  S  "  ~  Sc  ’  folloW8 

o 

similarly  from  B5 . 

It  is  also  inte  ‘esting  to  note  that 

Theorem  3,6  If  B  is  a  board  game  and  R  a  game-situation  then 
B  -  B(R(B)) 
and  R  -  R(B(R)) 

Proof:  Let  B  *  ^S,  F»  G,  W, 

R(B)  -  <S,  C,  D,  M,  Sy ,  SL> 

B(R(B))  -  <S,  F’.G',  W.  L> 

Let  ft  F  and  f(s)  "  s'.  Then  there  exists  a  c^6C  such  that 

(s,  c r,  d  ,  s')<«  M,  i.e,  (Cf,  d  )(s)  ■  s'  whence  f  (s)  ■  s’.  Hence  firf  . 
1  0  1  O  C£  Cf 

Again  if  f„  (s)  -  s'  then  <cf,  d  )(s)  ■  a!  ,  i.e.  (s,  cf,  d  ,  s')<fM  which 
f 

implies  f(s)  ■  s'  i.e.  f  £  f  shewing  f  *  f  .  Hence  F£F'. 

cf  cf 

Let  new  fSF'  and  f  ■  f  where  ctfC.  If  f  (s)  *  s'  than  (s,  c, 

c  c 

d0,  a')6M  whence  c  *  c^i  for  some  f'e’  F  such  that  f'(s)  •>  s'  whence  f£f'. 
Again  if  f'(s)  »  s'  then  (s,  cf , ,  dQ ,  s')  -  (s ,c ,dQ ,s ') G  M  or  fc(s)  -  s'. 
That  is  £ ' *s  f  or  f1  *  f.  This  shews  F's  F. 

The  equality  of  G'  and  G  can  be  proved  analogously.  This  shows 


B(R(B))  -  B, 


R(B(R) )  -^S,  C\  D'.  M\  Sw, 

F  has  an  unique  element  f  for  each  element  cfcC  where  c  j*  c  and 

c  o 

C'  has  an  urique  element  c,  for  each  element  f  f-  F  and  an  additional  element 

fc  c 

cq.  Hence  the  mapping  between  C  and  C'  la  one-one  onto.  Ho  Is  the 

c 

mapping  dt-td  from  D  to  O',  Denoting  d  by  d  end  e.  by  c  these  maps  may 
8d  8d  c 

be  considered  as  Identity  maps. 

Let  (a,  c,  d,  s')t  M;  by  Gl,  either  c  »  cq  or  d  *  dQ  but  not  both. 

Let  c  «■  c  then  g  (a)  ■  s’.  Hence  (s,  c  ,  d  ,  s')e  M'.  Since  d  -  d, 

O  ■  ®  S  8 

(s,  c,  d,  s')  c  M'.  Similarly  if  d  ■  d  ,  (s,  c,  d,  s')  e:  M' .  Hence  MUM'. 

0  s 

Let  now  (s,  c,  d,  ■  ')*  M*»  Either  c  -  c  or  d  ■  d  bv  construction 

0  0 

of  R(H(R))  for  B(R) .  If  c  -  c  ,  then  d  -  d  for  some  d  t D  and  g.(s)  -  s', 

o  g  d 

From  construction  of  B(R)  for  R  this  is  true  only  if  (cq,  d)(s)  -  s',  i.e. 

(#,  co,  d,  s')  “  (s,  c,  d,  s')t  M.  Similarly  if  d  •  dQ,  (s,  c,  d,  s')  M. 
Hence  M'SM. 
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3.  Winning  Solutions  In  Board  Games 

Theorem  3.6  eaCabllehee  the  similarity  of  structure  between  Board 

gaoee  and  gaoe-eituatlona.  Moat  of  the  present  chapter  will  deal  with 

board  games.  Is  the  rest  of  this  section  the  concept  of  winning  solution 

and  winning  strategies  for  board  games  will  be  introduced. 

Given  an  element  C  f^p  Sf,  a  sequence  7-  (fj  ,f2 ,. . .  f^;  f  €  F 

for  all  l  i<  n),  end  a  sequence  (g, ,g  ....g  , ;  g,f  6  for  all  1, 

r  12  n- 1  1 

lb  i  K  n)  >  ^will  be  called  compatible  with  ?  if  and  only  if 

fl<8o>‘V  8l(fl<8o)>€  Sf2? 

*  Sg2*  *2<f2(«l<fl<*o»»  6  Sf3 


for  all  i  <  n-1 

fi4.l(8i(f£...g3(fj(a0))...)  (  ; 

8i+l ( f 1+1 * ‘  ’ 8! <  f ! <  a0> • * • >  >  «  S  f t+2 ' 

Given  a0  fc  fUp  Sf  and  %  -  (fj... .  f  ;  f £  fc  F  for  all  i ,  1  <  ig  n) , 

will  be  called  a  win  ing  solution  for  s  if  for  each  6»  (g,  ,g.,.,.g  , ; 

g|  t  G  for  all  1,  ldi<n)  compatible  with  ? 

f  <8  ,(f  ...g  (f  <s  )...)fcW. 

n  n-1  n-1  1  1  o 


As  was  indicated  in  Chapter  I,  the  demand  for  a  situation  sQ 

to  have  a  winning  solution  is  an  extremely  restrictive  one,  corresponding 

to  the  demand  for  an  open-loop  control.  The  next  few  definitions  introduce 

the  less  demanding  ideas  of  winning  strategies. 

A  function  Q^:  S^F  is  called  n  board  control  strategy  if 

for  all  s,  Qy(s)  -  f  implies  s  fe  S  Similarly  a  function  Q  :  U  S  *G  is 

G  SC  G  g 

called  a  board  dleturbance  strategy  if  for  ell  s,  Qg(e)  ■  g  implies  a  £  S^. 
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A  board  control  strategy  Q  Is  called  winning  for  s^tS  If  thera 

exists  an  Integer  N  such  that  for  every  board  disturbance  strategy  <^,  there 

exists  sequences  (f, f  ;  f .  (  F  for  all  i ,  1  f  1  f n)  and  (g  ,g, .. . .g  . ; 

1  2  n  i  l  *  n- i 

C  for  all  1 ,  1  <  i  <  n)  such  that 
(a)  N 

W  Qj(«0)  -  fji  VVV’  ■ 

V«1<W»  *  l2-  Vf2  <*»»»  ‘  «2 

for  all  i <  n-1 

QF<8i(fi...g1<fj<>a)...)  -  fi+l;  ^j(fi+i<gi...(gi(fi(so).*.)  ■ 
8i+l 

<V8n-l*£n-l*,,gl*fl*,o*****  *  fn 

and 

fn^8n-l(fn-l,,*Mfl^8o*,,>t  W 

For  the  sake  of  brevity  (a)  may  be  expressed  by  saying,  "the 
sequences  ^f-and  have  lengths  n  and  n-1";  (b)  nay  b«  expressed  by  saying, 

"the  sequences  J  and  ^  are  dictated  by  Qp  and  C^j";  (c)  may  be  expressed  by 

saying,  "the  sequences  3  and  end  s0  in  W". 

The  reason  for  calling  a  demand  for  winning  solutions  stronger 
chan  a  demand  for  winning  steategles  can  be  brought  out  by  asking  two 
questions: 

i)  If  there  is  a  winning  solution  for  so,  is  there  a  winning 
board  control  strategy  for  s0? 

11)  If  there  is  a  winning  board  control  strategy  for  s  ,  is 

o 

there  a  winning  solution  for  sQ? 
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The  anawcra  to  both  theaa  questions  era  "no"  in  general.  In  what 
follows  a  sufficient  condition  will  be  set  forth  for  the  answer  to  question  1 
above  to  be  "yes".  (A  necessary  and  sufficient  condition  can  be  developed 
with  some  effort,  but  is  not  worth  doing.)  A  counter-example  will  indicate 
that  the  condition  is  not  sufficient  for  the  answer  to  the  second  question 
to  be  "yes". 


A  board  game  will  be  called  free  if  for  all  f,  f'  (  F  and  s  *  S 
Sg  implies  g(f(s))tf  Sf,  or  g(f(s))*L 

Theorem  3.7  If  in  a  free  board  game  there  is  a  winning  solution 
for  s^,  there  is  a  winning  board  control  strategy  for  s0. 

Proof:  Let  "J  ■  (fj ,f2>. . . fn)  be  a  winning  solution  for  sq. 

Let  9g  be  a  board  disturbance  atrategy.  Define  a  sequence  ■  (g^  ,g2  , . . .  gn_  j) 
as  follows: 

«1  "  Mfl<8o» 

and  for  all  1  n 


8i  -  0G(fi(8i.i(fi.1...gi(f1(so)...) 

n  is  compatible  with  7  ,  since  by  definition  of  strategy 
G 

^1^2. i(^i_i*  •  •8i(fi(s0) •••)••  •)  £  Sg 
and  also,  since  the  board  game  Is  free 


Define  «  sequence  of  situations  T  ■ 


and  for  each  1  ^  n 


MW"!-!*)) 


is0  ,  s  ,,,*8n-l^  as  f0!!0”8 
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With  each  element  i  (  f^p  sf  associate  *  sublet  Fg C  F  as  follows: 

F#  *  ifl+ll  H  “  8i  for  80roe  8trttte8y 

Define  Qp:  p  S£*F  as  follows: 

Opts)  -  £k 

where  k  is  the  largest  Integer  such  that  f^eFg.  Qp(a)  -  fj  If  Fg  is 
empty. 

It  will  be  shown  that  Qp  is  a  winning  strategy  for  sQ,  The  proof 
is  by  Induction  on  n,  the  number  of  components  in  7 . 

If  n  -  1,  fn(s0)  6  W. 

In  this  case  Fg  *  s  whence  Qp(s0)  ■  fj.  Hence  Q_,  is  a  winning 
strategy  for  s0. 

Let  now  the  theorem  bt  true  for  n<j.  Let  Qp(s0)  -  fk+1 .  If 
k  *  0,  then  (f2>...fn)  is  a  winning  solution  for  g1(f1(so>)  for  all  gj 
such  that  fj  (so)t  S^,  and  hence  is  a  winning  strategy  for  all  g1(f^#0)> 
such  that  (sq)C  .  If  k^>0,  then  ( f * • • • f n)  is  a  winning  solution 
for  all  8k+i(£k+i(s0))  such  that  f|cf].(®0)€  Sg,  an<^  ^ence  Qp  *s  a  winning 

iC+1 

strategy  for  sQ, 

The  converse  of  this  theorem  is  not  true.  Consider  a  board  game 
as  follows: 

S  -  (A,B,C,B,F,G,H,I,J,K,L) 

L  -  t 
W  -  (K,L) 

F  -  (a  ,b  ,c) 

G  -  (<*y9 ,7) 
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!  f 

i  ; 


sa  "  sb  “  sc  *  <A>S»C»S’P> 


S*  -  <C,H,I) 


*r 


(G,J,I) 


Sy  -  (H,  J) 

The  function!  a,b,c,«,^,7  ire  given  in  tabular  form  ba low 
and  In  graphic  fora  In  F.g.  3.1. 


x 

A 

B 

C 

E 

F 


a(x) 

1 

I 

H 

J 

l 


b(x) 

G 

J 

I 

K 

J 


c(x) 

J 

H 

J 

1 

I 


y 

G 

H 

I 

J 


(y) 

c 

E 

A 


<y>  (y) 

A 

F 

B 

C  B 


It  can  ba  seen  by  lnapectlon  that  thars  la  no  winning  solution 
for  A.  However,  the  strategy  Qj,  shewn  below  is  a  winning  strategy  for  A. 


Qp<*> 


A 

B 

C 

E 

F 


c 

c 

a 

b 

a 


The  concepts  of  strategy  In  board  games  and  game  situation  are 
closely  related  and  this  enables  one  to  lndcate  a  theorem  analogous  to 
Theorem  2.1  for  board  games. 

Given  a  control  strategy  P  in  a  game  situation  R  one  defines  a 

v 

relation  B(Pc>£SxFas  folltwsj 


Flu.  3.1 
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(»,«)«' B<PC) 

if  end  onl*’  if  P_(a)  ^  c  end  f  ■>  f_  <  ..  a  Similarly  given  a  disturbance 
v  O 

strategy  in  a  game  situation  R  on*  defines  a  relation  B(Pp)  £  SxC  *> 
follows: 

<s.S>€  B(Pd) 

if  and  only  if  PD(a)  >*  dQ  and  g  *  g^  . 

The  following  lemmata  can  be  proved  readily: 

La  tana  3.8  If  P  and  Pn  are  control  and  disturbance  strategies  in 

V  w 

a  game  situation  R  then 

i)  B(PC)  Is  a  board  control  strategy  in  B(R) 
il)  B(PD)  is  a  board  disturbance  strategy  in  B(R) 

Proof;  Only  (i)  will  be  proved.  The  proof  of  (ii)  follows  identi¬ 
cally. 

To  show  that  B(P  )  la  a  function  B(Pr):#  a.  p  lot  (s,f)  €  B(PC) , 
then  Pc(s)  /  c0,  whence  •  tf  iS^  ■  ^pS£  whence  the  domain  of  B(PC)  is 
contained  in  £tlpS£.  Again,  if  14  t*ien  8fr  cVc  Sc  ^  caC^c*  Hence 

Pc<»)  i*  defined  and  Pc(s)  j*  c0.  If  Pc(s)  -  c,  then  (s,fc)  £  B(PC), 

Hence  ^fpSf  is  contained  in  the  domain  of  B(P^).  Hence  the  domain  of 
B(PC)  coincides  with  ^  Sf.  It  (a,f)e  8(PC)  and  (s,f')eB(Pc)  then 
f'  -  f  and  f  ■  fc  by  definition  of  B(R).  Since  fc  is  unique  f  ■  f*  showing 
that  B(P_)  is  a  function. 

w 

Let  now  B(P_)  (s)  ■  f,  then  P_(s)  ■  c  where  f  •  f  .  Since 
t  L  c 

s  c  Sc  by  definition  of  control  strategy  and  Sc  ■  3f  ,  sc-3.,  fulfilling 

c 

the  condition  for  B(PC)  being  a  board  control  strategy. 

Lemma  3.9  i)  The  mapping  PC)-*B(PC)  is  a  one -one  map  onto  the 
set  of  all  board  control  strategies  of  B(R).  Similarly  (11)  the  mapping 
Ppt*B(PD)  is  a  one-one  map  onto  the  set  of  all  board  disturbance  strategies 
of  B(R) . 


Proof:  Let  P  and  P'c  be  two  distinct  control  strategies,  so  that  for  at 

~ "  C 

least  one  s  U.S  ,  P  (•)  #  Pi(s).  Since  F  (s)  ■  c_  for  all  s  4S  ;  this 
c»C  c  C  c  C  0  c0 

implies  s^$c  .  Hsnce  bath  B(F  )  (>)  and  B(Pg)(*')  are  daflnad,  Lac 
0 

P<;(s}  ■  cj*  c'  ■  P^(s),  By  definition  of  B(P^)  and  B(Pg). 

B(Pc)(9)  -  fci  B(P£)<»)  -  fc,. 

But  the  asp  cH»f  is  one-one  by  definition,  hence  c  t  c'  Implies 
c 

fc  i  fc,.  Henca  B(PC)  +  B(PC,)# 

To  show  that  every  board  control  strategy  Qp  is  equal  to  B(Pg) 

for  some  control  strategy  P(  „  one  constructs  the  control  strategy  as  follows: 

(1)  c  if  and  only  If  Qp(s)  -  fc 

P~(s)  ■  (ii)  c-  if  and  only  if  1  C  U  S 
^  ga  G  g 

(ill)  undefined  otherwise 

Pc  is  a  control  strategy,  since  P_(s)  la  defined  for  ^  S,  ■  V_  S„  by 
u  C  f  t  F  £  cpc0  c 

construction  (1)  and  over  S  by  condition  (11),  Also  if  Pr(s)  -  c  then 

co  c 

Qp(s)  “  f  «  Qp(s)  ■  fc  indicates  a€Sj  Sc.  Also  Pg(s)  ■  cQ  only  if 
‘  c  c 

stS  .  Again  Qp  -  B(P  )  by  construction. 
co  c 

The  most  Important  thing  to  notice  about  the  mapping  Pg  he  B(P^) 
is  given  by  the  next  theorem. 

Theorem  3.10  In  a  game  situation  R,  Pg  is  a  winllng  control  strategy 

for  *o«  cVc  S  If  and  only  if  B(P )  is  a  winning  board  control  strategy  for 
o  ^ 

s0  in  B(R). 


Proof:  Let  Pg  be  a  winning  control  strategy  for  s.  Then  given 
any  disturbance  strategy  P there  exists  a  sequence  (Cj ,d^) . . . (cn ,dn)  such  that 


C1  "  PC(Bo);  dl  "  PD(,o) 


for  each  i^  n 
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^n’^n^^fi*l  >^n-l^  ^ *  *  •  ^C1  *^l)  (•<>)) . ,  >)  4  W 
Since  *04  c*j/c  Sc  Cj  i*  c0.  Alto,  dj  ■  ig.  Aleo,  llrtce 

(cn  »dn)  <(cn.^  (<  *  '^ci*dP  (■„)  ^ 

one  obtain*  fro*  Che  contrapodtlva  of  G3,  that 

(,Vi'',.i>-(ti’W>->fSctrt  sd 

for  aoe*  dtD.  Hence  dR  •  dQ  .  Hence, 

C1  "  c3  "  *  * ,cn  *  co*  c2  "  C4  “  •‘•c  n-l"  Co 


dl  *d3*  • * ,dn  •  d0’  d2  "  d4  "  •••dn-l  *  do 

indicating  chat  n  ie  an  odd  Integer;  let  n  ■  2bq  -1. 

Set  f„  »  f  for  each  of  nr  end  gj  •  *  for  each  a<a  .  By  definition 

C2m-1  °  °  2»  0 

of  B(R)  for  each  mf»0  ^  -  (c2B.1*do^  “  <c2*-l ,d?»,l^  *nd  for  -ach  “  <  nc 


«■  "  <co‘d2m  >  "  <c2o  -  d2m> 


reducing  the  equation 


(®n >dn) <<cn.j »dn_ j) ( . • . (c i »d j ) (*0) • « •)  €  W 


fa  <*»  4  W* 

o  o 

Alao,  for  each  even  i,  ci+l  ■  Pc((ct.l .d^) (... (Cj .d^ (■„)).. .) 


reduce*  to 


f(i/2)+l  “  pC<*t/2<fi/2«lv«lW,,o>>-**>> 


and  for  each  odd  1 


d^j  "  Pp((ci  *d^)  (•  •  •  (c^  ,d) ( *Q) )  •  • ) 


reduces  to 


8(i+D/2"  pc<fi-i/i8i-i/i‘"8i<fi<,o)),'*>' 
B<PC) 

Pc<0  -  =1+1 


However,  by  definition  of  B(P_) 

t 


if  end  only  if  B(PC)(«)  -  tinc*  ci4l  *  co*  sl“ll*rly 

PD(*)  -  **1+]. 

if  end  only  If  PfP^)(e)  ■  8^+1j^2'  Hence  on® 

fl  “  Mso>  -  fp  -  Bi 

end  for  ell  1  n+1/2  *  fflg 

B(Pg) (g^(f • gj(f^ (*c) • • • )  “  ^1+1 
B(PD)(fi+i<gi...gl(£l(»0)’‘*>  “  ®1+1 


end 

B(pC^*m0-l^fao-l,**8l^fl^ao^,‘*^  "  fn0 

Since  Pc  is  e  winning  strategy,  B(PC>  is  such  thet  for  any  board- 

disturbance  strategy  B(PD)  a  sequence  and  a  sequence  gj^gj-.-g^  ,j 

o  o 

will  exist  having  the  above  properties  B{P ) ,  hence,  Is  a  winning  strategy. 

w 

The  proof  of  the  "lfM  part  of  the  theorem  is  left  to  the  reader. 

The  theorem  leads  to  the  following  interesting  corollary  analogous  to  a 
weak  form  of  theorem  2.1. 

Corollary  3.11  In  a  board  game  B,  there  exists  a  board  control 
strategy  which  is  winning  for  every  element  sC  Sj  such  that  a  winning 

strategy  for  s  exists. 

Proof:  If  s®  f afpSf  in  B  then  ><  U  S  in  R(bji.  If  a  winning 
" ""  ‘  cPco  0 

board  control  strategy  exists  for  s  in  B  then  by  theoren  3.10  a  winning 

control  strategy  exists  for  s  in  R(B),  Hence  the  set  of  all  s  e  Fsf  f°r 

which  a  winning  board  control  strategy  exists  is  a  subset  of  the  set  of  all 

a«S  for  which  a  winning  control  strategy  exists.  Hence  it  follows  a  for- 

teriori  from  The ore  i  .1  that  there  exists  a  strategy  Pc  in  R(B)  which  is 
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a  winning  control  strategy  for  al1  elements  of  this  set.  a  second  appli¬ 
cation  of  Theorem  3.10,  B(PC)  will  be  a  winning  strategy  fox  all  the  elements 
of  this  set. 

It  will  be  noted  that  Corollary  3.11  neglects  to  make  any  state 
ments  regarding  non-losing  strategies.  It  seems  apparent  that  a  stronger 
form  for  Corollary  3.11  could  be  obtained.  However,  since  most  .f  the  later 
discussion  will  be  directed  towards  winning  board  control  strai  >gies  for 
members  of  in  board  games,  extensions  to  such  stronger  forms  may 

not  be  relevant  at  present. 

A  discussion  regarding  strategies  and  their  descriptions  similar 
to  that  in  sec.  6  of  Chapter  II  is  pertinent  here.  Corresponding  to  each 
strategy  Qp,  Qp  •  Qp"1  again  defines  a  partition  of  pSf .  As  pointed  out 
before,  the  major  problem  regarding  the  applicability  of  any  winning  strategy 
(even  when  it  is  definable)  lies  in  the  ease  of  describing  the  elements  of 
the  partition  which  its  Kernel  induces.  Also,  if  one  is  interested  in  only 
a  small  subset  of  situations,  one  has  a  greater  freedom  of  choosing  between 
alternative  strategies  of  varying  ease  of  applicability. 

The  major  problem  regarding  winning  strategies,  of  course,  remains: 
"How  does  one  find  a  winning  strategy?"  As  in  Chapter  II,  the  later  sections 
of  the  present  chapter  will  deal  with  certain  aspects  of  this  problem  as 
applied  to  board  games.  Initially,  however,  a  few  well-known  games  will  be 
described  in  the  general  format  of  board  games.  This  also  will  be  in  keeping 
with  what  has  been  done  in  Chapter  II, 
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4.  The  NIM  Class  of  Games  -  An  Example 

This  and  the  next  section  will  describe  two  classes  of  well-known 
games.  As  in  Chapter  I,  the  examples  serve  to  illustrate  the  suitability 
of  the  formal  model  of  board  games  for  well-known  cases  and  provide  vehicles 
for  discussion  in  later  chapters. 

The  first  class  of  games  can  be  described  in  general  terms  as 
follows.  One  has  a  number  of  piles  of  sticks  on  the  table.  Each  player 
in  his  turn  removes  a  number  of  sticks  from  each  pile  obeying  certain  restric¬ 
tions  (for  Instance,  "not  more  than  one  stick  from  each  pile,"  "sticks  to 
be  removed  only  from  one  pile"  and  such  like) .  The  first  player  to  pick 
the  last  stick  in  the  pile  wins.  (In  some  variants  of  the  games  the  person 
tho  takes  the  last  stick  loses:  but  the  difference  is  not  essential  and  in 
this  book  the  rule  will  be  as  stated  initially).  Specific  games  in  this  class 
vlll  be  distinguished  by  the  number  of  piles,  the  number  of  sticks  on  each 
pile  Initially  and  (  in  a  more  fundamental  way)  by  the  constraints 
on  the  way  the  sticks  can  be  removed  by  each  player. 

The  set  S  of  situations  in  all  of  these  games  is  characterised 
by  a  set  of  ordered  pairs  (I,p)  p  determines  which  player  is  to  move  (this 
will  be  formally  stated  presently).  I  is  a  sequence  of  n  non-negative  Inte¬ 
gers,  where  n  is  the  number  of  piles  and  each  integer  In  the  sequence 
denotes  the  number  of  sticks  in  each  pile.  Any  situation  s£  S,  then,  has 

the  form  ((1-,  ,i?,...i  )  ,p)  where  i.  is  an  integer  for  each  k  (l$k<n)  end 
1  *  n  k 

p  is  either  the  Integer  0  or  the  Integer  1. 

Each  element  of  the  set  of  functions  F  has  the  form  (x,0)  where 
x  is  a  sequence  of  n  non-negative  integers  x  ■  (x^ ,Xj ,. . .xr) .  Unlike  the 
sequence  I,  however,  where  any  sequence  of  integers  is  permitted,  x  has  to 
satisfy  some  criterion  according  to  the  rules  of  the  game.  We  shall  specify 
this  criterion  in  general  by  a  statement  which  x  must  satisfy  l.e.  such 
that  (X  (x)  is  true  for  any  x  such  that  (x,0)  is  a  member  of  F. 


* 
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Slmilarly,  each  element  of  the  set  of  functions  G  has  the  form 
(x,l)  where  x  Is  a  sequence  of  n  non-negative  Integers  x  -  (x^ ,Xj ». . .xn> 
satisfying  some  criterion  f!  . 

For  any  clement  (x,p)*‘FUg,  S^x  y  la  defined  as  fellows 

S<KiP>  "  lk  *  *k  £or  **ch  k(l  4  k  <  n) 

and  for  each  (I,p)  eS(x 

(x,p)((I  ,p))  -  ((lj,ij,...i'),  p  +  l(mod.  2» 
where  for  each  k(l  <  k  5  n) 

lk  •  St  -  v 

W  consists  of  the  single  element  ((0,0,. . .0)  ,1)  and  L  of  the  single 
element  ((0,0,. . .0) ,0) .  &  and  ^  are  so  chosen  that  B?  Is  always  satisfied. 

It  Is  left  to  the  reader  to  verify  that  Bl,  B2,  B4  and  B5  are  satisfied  by 
any  specification  In  the  class  defined  above. 

The  description  of  some  specific  games  follow. 

The  simplest  sub-class  of  games  in  this  class  occurs  when  n-*l , 

O (  s  3  (xj  <k)  with  a  specific  k.  A  typical  game  of  this  class, 
may  be  “There  are  15  sticks  In  a  pile,  Each  player  in  his  turn  takes  away 
at  least  1  and  at  moat  3  sticks  from  the  board.  The  player  who  leaves  an 
empty  pile  wins".  Here  the  Initial  state  is  taken  to  be  ((15) ,0)  or 
((15)  ,1)  depending  on  who  plays  first. 

A  specific  game  In  the  larger  class  which  Is  easy  to  analyze  is 
one  in  which  n-2  and  W  «  ^  *  ((x,  ^  1)  and  (Xj  4  1)  and  (x^+  x^  4  0)). 

With  the  Initial  state  ((5,3),0)  the  game  is  described  as  follows,  "There  are 
two  piles,  with  5  and  3  sticks.  Each  player,  In  his  turn,  picks  up  at  least 
one  stick,  but  not  more  than  1  from  each  pile.  The  player  who  leaves  both 
pilc&  empty  wins". 
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In  one  of  Che  most  well-known  sub-class  of  thin  class  of  games 
fi/x ^  (3  y  0  and  J  J1  1  <♦  *|  "0)  that  ia  sticks 

are  removed  from  one  and  only  one  pile.  The  well-known  game  of  Nim  belongs 
to  this  class;  in  this  specific  game  n*3 ,  and  the  initial  state  la  ((3,5,7),0) 
or  ((3*5, 7), 1)  depending  on  who  plays  first.  It  will  also  be  of  Interest 
to  consider  a  more  general  sub-class  of  this  class  of  games  where 
ol*  f  5  <3  Xj)(k  £  Xj>  0  and  j  i  i~*  -0). 

These  games  will  be  referred  to  as  various  methods  for  find¬ 
ing  strategies  are  developed  in  later  sections. 


i 


i  t 

•  i 


1  i 

i 
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5 .  The  Tic-Tac-Toe-Like  Games  -  Another  Example 


The  class  of  games  Co  be  dieucssei  in  this  section  are  of  interest 
in  this  book  in  view  of  the  fact  that  a  close  examination  of  these  bring 
out  in  a  convincing  and  non-trivial  way  the  close  relationship  that  exists 
between  the  efficiencies  of  solution  and  description  languages.  The  class 
of  languages  will  be  described  here  without  any  reference  to  the  description 
language.  The  significance  of  the  description  languages  to  this  class  of 
games  will  be  discussed  in  a  later  chapter.  A  few  well-known  members  of  this 
class  will  then  be  exhibited. 

All  the  games  in  this  class  can  be  visualized  as  played  on  a 
board  consisting  of  a  finite  number  of  "cells".  Two  classes  of  subset.3 
of  the  set  of  all  cells  are  pre-def ined ,  which  we  shall  call^fc  and  <S  .  The 
members  of  will  be  denoted  by  A  (with  or  without  subscripts)  and  will  be 
called  "winning  files  for  x";  members  of 43  will  be  denoted  by  B  with  or 
without  subscripts  and  called  "winning  files  for  Y". 

In  the  beginning,  each  cell  is  unmarked.  The  players  play  alter¬ 
nately.  The  firat  player,  in  his  turn,  marks  some  previously  unmarked  cell 
with  an  "X";  the  second  player,  in  his  turn,  marks  some  previously  unmarked 
cell  with  a  "Y".  The  first  player  wins  if,  on  making  his  mark,  a  configura¬ 
tion  of  marks  is  produced  such  that  some  winning  file  for  X  has  an  "X"  on 
each  of  its  cells.  The  second  player  wins  if,  on  making  his  mark,  a  con¬ 
figuration  is  produced  such  Chat  some  winning  file  for  Y  has  "Y"  on  each  of 
its  cells. 

Formally,  with  each  game  will  be  associated  s  finite  set  N, 
and  two  class.A  and  %  such  that 

A  implies  AC  N 

B  implies  B  C  N 
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One  can  assuse  without  losing  any  essential  aspect  of  the  games,  that  no 
member  ofj9  Is  a  proper  subset  of  any  other  member  of ;  and  similarly 
for  $ .  Another  set  with  three  elements  ^X.Y.A^  will  also  be  used  in 
specifying  any  game  in  the  class. 

Given  for  a  game,  one  defines  a  board  game  as  follows: 

Any  situation  a  is  a  function  from  N  into|x,Y,A^  such  that 
the  number  of  cells  mapped  into  X  Is  equal  or  one  more  than  the  number  of 
cells  mapped  into  Y.  Denoting  the  cardinality  of  set  P  by  | P\,  one  may 
say  the  above  formally  as  follows 

b£S  if  and  only  if  s  fc  |x,Y,/^  and  ((^s  ^(X)^  ■  \x  ^(Y)|  )  or 
(|s"1(X)\  -  l x-1(Y)  |  +  1)) 

86  W  if  and  only  if  |s"’*(X)|  -  |ts  1<Y>  +  l|,  there  exists  an 
unique  file  A& j)  such  that  A^s  ^(X)  and  there  is  no  file  B  (  fi  such  that 

s  G  L  if  and  only  if  |s-i(X){  -|s  ^(Y^here  exists  an  unique 

file  Bfcft  such  that  B  C-  s  ^(Y)  and  there  is  no  file  A  t  j)  such  that 

AC  s"1(X). 

Each  element  of  F  is  denoted  by  the  pair  (n,X)  where  n  is  an 
element  of  N.  Every  element  of  G  is  denoted  by  a  pair  (n,Y)  where  n  is 
an  element  of  N . 

s€  s^n  if  and  only  if  s  6  S-L,  |s  ^(X)\  ■  \  s  ^(Y)|  ,  and  s(  n)  »  /\ 
In  this  case  (  n,X)(s)  «  s'  where  s'(ra)  -  s(m)  if  m  i*  n  and  s'(n)  -  X. 

s  6  S(n  v)  if  and  only  if  s  €  S-V, \s-1(X)\  -  ls_1CY)|  +  1  and 

s(  n)  «A  •  In  this  case  (  n,Y)(s)  ■  s'  where  s'(m)  »  s(m)  if  m  i  n  amd 

s' (n)  -  Y. 

As  in  the  last  section,  it  will  be  left  to  the  reader  to  verify 
that  Bl)  to  B5)  are  satisfied  by  any  board  game  defined  as  above.  In  what 
follows  some  well-known  games  in  this  class  will  be  described. 
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The  noat  wall-known  aub-claaa  of  thia  claaa  of  gaaea  la  the  "mn 

Tic-Tac-Toe"  genes.  3*  Tlc-Tac-Toe  or  "Naughts  and  Croaaes"  is  the  most 

3 

popular  one  asong  young  children.  4  Tlc-Tac-Toe  la  a  gaae  aophiaticated 
e no ught  to  b«  played  by  adults  and  sells  under  the  trade  name,  "Qublc". 

In  a  general  a11  tic-tac-toe  gene  the  sat  N  consists  of  n-tuplme 
of  Integers  each  eleaent  of  the  n-tuple  being  a  non-negative  integer  less 
than  m.  S,  then  is  a  pre-specif led  subset  of  |x,Y,/\f 

The  classes,/)  and  %  coincide  in  this  class  of  gameB  and  consist 
in  the  set  of  n  typles  defined  as  follows 

S  A  -  |(f1(a),f2(s),...fn(s))|  0^s<m] 
and  each  f^s)  is  either  a  constant  between  0  and  m-1  Inclusive  or  f^(s)  -  s 
or  f^s)  •  B-l-a:  but  not  all  f^  can  be  constant  functions. 

Basically,  the  above  formalism  states  that  a  set  is  a  file  if  it 
consists  of  ■  cells  in  a  straight  line.  The  idea  can  be  exemplified  by 
exhibiting  the  picture  of  a  Qublc  (4x4x4  tic-tac-toe)  board  and  two  lines 
on  it,  as  shown  by  the  shaded  parallelopiped.  One  consists  of  the  4  cells 
^  (0,0,0) ,  (1,1,0), (2, 2,0), (3, 3,0) |  which  can  be  represented  by  j(s,s,0)| 

0  £  s  <  4  }  .  The  other  consists  of  the  cells  {  (1,0,2),  (1,1,2),  (1,2,2), 
(1,3,2) j  which  can  be  represented  byjp,s,2)|o  ^  a  <  4^  .  The  set  represented 
by  |(s,2,3-s) [  0  *  s <  4^  consists  of  the  cells  { (0,2,3),  (1,2.2).  (2,2,l), 
(3,2,0)  j  . 

The  files  in  mn  tic-tac-toe  are  easier  to  describe  intuitively 
for  small  values  of  n.  However,  something  like  the  formal  description  given 
above  (which  la  Just  a  parametric  definition  of  straight  lines  in  a  "lattice") 
is  essential  for  machine  representation.  This  particular  representation  of 
files  as  n-tuples  of  functions  has  been  found  useful  in  certain  combinatorial 
problems  associated  with  multiplicity  of  various  classes  of  files  in  general 
mn  tic-tac-toe  games. 
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Another  well-known  gene  In  ehe  Tic-Tec-Toe -like  clean  la  Go-Moku 

(alao  known  ea  Renjyu,  Pegetty  and  5-place  Tlc-Tac-Toe) .  The  set  N  consists 

2 

of  cells  In  a  19x19  board  as  In  19  tlc-tac-toe  earn* .  However,  the  files. 
Instead  of  being  sets  of  19  elements,  are  seta  of  3  elements  In  a  line 
anywhere  on  the  board.  Titus,  the  files  in ji  and  &  consist  of  seta  of  the 
form  |  |  0  C  a  t  5^  wher*  and  have  the  fora  K,  £  +  S,  K  -  S 

where  K  la  any  non-negative  integer  leas  than  16  and  more  than  9:  it  being 
specified  that  both  f^  and  fj  are  not  constant  functions. 

In  a  third  class  of  games  the  set  N  consists  of  arcs  in  a  specified 
graph  with  two  dealgnattd  nodes.  The  class  J)  consists  of  all  paths 
between  the  dealgnatad  points  andd^  the  class  of  all  minimal  sets  of  arcs 
whose  removal  separates  the  dealgnatad  points.  This  la  often  described  by 
saying  that  the  first  player,  in  hia  turn  renders  an  arc  invulnerable  while 
the  second  player,  in  his  turn,  removes  one  of  the invulnerable  arcs.  The  game 
continues  till  either  an  Invulnerable  path  is  established  between  the  two 
designated  nodes  or  the  nodes  have  bean  separated.  In  the  first  csbc  the 
first  player  wins.  In  the  second  case  the  second  player  wins. 

Games  in  this  class  are  called  Shannon  games  after  their  origi¬ 
nator.  Lahman  (2f]  has  recently  glvan  a  characterization  of  the  class  of 
networks  for  which  there  is  a  winning  strategy  for  the  initial  configuration. 
The  strategy  given  by  him  is  characterized  differently  from  the  general 
strategy  for  Tic-Tac-Toe-like  games  discussed  later  in  this  book. 

The  moat  important  difference  between  the  Shannon  games  and  the 
mn  Tic-Tac-Toe  games  lies  in  the  fact  that  the  classes,/?  and are  described 
in  a  much  more  complicated  way.  This  has  a  rather  strong  import  on  the 
way  these  games  are  played. 

A  specific  Shannon  game  la  commercially  available  under  the  name, 
"Bridg-it".  It  consists  of  the  network  shown  in  Fig.  3.3,  with  the  nodes 


r 


The  Shannon  Gana  For  Brldg-lt 
Fig.  3.3 


A  Winning  Solution  in  7  X  7  H«x 
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Qt  and  0  pre-daslgnated.  Tha  actual  brldga-lt  board,  and  the  way  the  gams 
la  described,  appears  different  from  the  above  consideration.  However, 
Busacker  and  Saaty  [£*3]  have  pointed  out  that  if  Of  and  p  are  joined  by  an 
extra  arc,  then  the  dual  of  the  resulting  graph  is  isomorphic  to  the  result¬ 
ing  graph  and  the  dual  of  the  cut  sets  of  this  graph  are  paths  between  two 
specific  points  of  the  dual  graph  (corresponding  to  the  regions  separated 
by  the  extra  line)  with  the  arc  dual  to  the  extra  line  removed.  In  the 
commercial  game,  the  two  opposing  players  play  on  the  two  dual  graphs. 

Another  important  game  in  the  larger  clasB  of  Tic-Tac-Toe  like 
games  is  the  game  of  Hex.  The  set  N  conuists  of  hexagons  on  a  honeycomb 
structure  as  shown  in  Fig.  3.4.  The  class^  has  as  members  all  paths  con¬ 
necting  the  top-edge  to  the  bottom  edge.  The  class  &  consists  of  all 
paths  connecting  the  left  edge  to  the  right  edge.  The  figure  exhibits  a 
winning  position. 

Before  leaving  the  subject  it  may  be  worthwhile  to  point  out  that 
every  game  in  this  class  can  be  considered  as  a  sub-game  of  a  larger  game 
in  another  class.  A  description  of  this  class  will  be  introduced  here. 

This  embedding  will  bring  out  certain  essential  symmetries  between  the 
control  and  disturbance  which  will  be  of  Interest  in  a  later  section. 

The  specification  starts  with  the  same  triple,  N,  Jl  and&  ;  the 
situations  are  ordered  pairs  {s,p  |  where  p  ■  0  or  p  -  1  and  s  X,Y,A^  N 
without  any  restriction  on  b.  Elements  of  F  and  G  again  have  forms  (n,X) 
and  (n,Y);  however  their  definitions  will  be  changed  slightly  as  follows; 

(s,p)  €  S,  .  if  and  only  if  s  6  S-L,  s(n)  «  A  and  p  ■  0.  In  this 

a) 

case  (n,X)(a,0)  ■  (s',1)  where  s'(m)  -  s(m)  if  m  4  n  and  s'(n)  ■  X. 

(s,p)  <  S(n|Y)  lf  and  onlY  i£  8  S-W,  s(n)  "  and  p  -  1. 

case  (n,Y.)(s,l)  -  (s',0)  where  s'(ta)  -  s(m)  if  m  i  n  and  s'(n)  ■  Y. 


In  this 
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Also,  W  and  L  are  slightly  re-deflned  ao  follows:  (s,p)£W  If  and  only 
if  p  ■  1,  there  exists  an  unique  file  A  cJJ  such  that  A  9  s'^(X);  and  there 
is  no  file  Srfe  such  that  B  £  (s,p)£L  if  and  only  if  p  ■  0,  there 

exists  an  unique  file  A  euch  that  A  £  s~J'(Y)  and  there  ts  no  file  B 
such  that  b£s-1(X). 

The  reader  should  convince  himself  that  in  the  original  version  of  the  game 
the  situations  were  restricted  to  the  set  of  first  components  of  all  situations 
(s,p)  of  the  new  version  which  could  be  attained  fro*  ((/\,  A /\),  0). 

In  a  later  chapter  certain  subsets  of  S  associated  with  winning  stratelges  of 
Tic-Tac-Toe-like  games  will  be  pointed  out  and  the  merits  and  drawbacks  of  the 
resulting  strateiftes  will  be  discussed. 
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6 .  Evaluating  Strategies  in  Bot.d  Games 

The  practical  utility  of  a  winning  control  strategy  la  intimately  related 
with  the  ease  with  which  the  blocks  of  lta  Kernel  is  amenable  to  easy  description. 
Any  cowmen t  that  can  be  made  regarding  this  matter  has  already  been  made  in 
Section  6  of  the  previous  chapter.  It  Is  therefore  gernaine  to  wove  directly 
to  the  discussion  of  various  methods  for  finding  winning  strategies.  The  discussion 
in  this  section  will  roughly  follow  the  same  lines  as  Sections  7  and  8  of  the 
previous  chapters.  However,  due  to  the  important  role  played  by  the  disturbance 
in  a  board  game,  there  will  be  more  to  say  about  evaluations  In  board  games. 

Given  a  board  game  one  can  define  readily  two  classes  of  seta  |  l>oj  and 
j  as  follows: 

sSW.^  if  and  only  if  there  exists  an  f  €  F  such  that  f(s)  €  W. 
sfcWi+l  and  only  8^wjc^i  i)  and  there  exists  an  f  €  F  such  that 
sfc  Sf  ,f  (s)  €  g^GSg  and  for  every  gc  G  such  that  f(s)tSg,  g  (f  (s) )  G  W^(k  ^i) . 
sgLj  if  and  only  If  there  exists  g«?G  such  that  g(s)e  L. 

if  and  only  if  s^L^(k$i)  and  there  exists  a  gc-G 
such  that  s€  S|g(s)  Up  and  for  every  f  6  F  such  that  g(s)fSf, 


f(g(s))  e  Lk  (ki-i). 

It  is  clear  that  x  Sf  and  kU  1  Lk£gUG  Sg.  The. .following  also 

can  be  shown  readily. 

Theorem  3.6  i)  If  sg  ^  W^,  then  there  exists  an  ft  F  such  that  sfc'Sf  and 


«a>^  JJ 


k£l  k" 


g(s) 


1  U  w 

*  k>l  V 


ii)  If  then  there  exists  g£G  such  that  stS  and 
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Proof:  Let  B€W^C  The  proof  will  be  by  induction  over  k. 

If  o  £  W. ,  then  there  exist*  *n  ftfF  such  that  f(a)£W  5S  -  S  .  Since 
1  g*«  8 

«•>*  ,y0  s,  »*  kVx  h.s  ,&  v  «•>*  &  v 

Let  the  theorem  be  true  for  s  <W^  (i£k).  Let  s  f  W^+1 •  Then  there 
exists  sn  ft  F  such  that  f(s)£  U  s  end  for  sll  g  such  that  sdS  , 

O  "I  "  •  o 

g(f(s))C  W^(it’k) .  If  f (n)t  ^  L^,  let  f(a)tLp.  Then  there  exists  a  g  such 
that  g(f (s))C  fUpSf  and  for  all  f’  such  thst  g(f(s»€  Sfl,  f'(g(f(s)))6  ^  1^. 
However  g(f(s))t  (l^k),  whence  there  exists  an  f't  F  such  that  st  Sf,  and 
f'Cg(f(s)))^  L^.  This  leads  to  a  contradiction. 

11)  can  be  proved  similarly. 

{L^  and  will  be  called  W-evaluatlons  and  L-evaluations  respectively. 

This  idea  of  evaluations  follow:-  the  mode  set  by  Chapter  II.  However,  because 
the  structure  of  boned  games  is  rricher  than  that  of  V-problema,  some  further  classes 
of  sets  related  to  evaluations  can  be  utilized  for  the  construction  of  strategies. 
Before  taking  up  such  further  structures  in  detail,  however,  the  results  analogous 
to  those  in  Chapter  II  will  be  set  down  first.  Theorems  analogous  of  Theorems  2.4 
and  2.5  will  be  seen  to  hold  true  for  board  games,  again  as  special  cases  of 
Theorem  2.1.  In  view  of  the  more  general  structure  of  board  games  as  compared  to 
tf-problems,  it  will  be  more  meaningful  and  easier  to  prove  these  analogs  in  some¬ 
what  stronger  forms.  For  this,  a  few  more  initial  definitions  are  in  order. 

Clven  a  board  game ^S,G,F,W,L^  and  an  eh  .-it  *0£f^p  Sf  such  that  a  winning 
board  control  strategy  Qp  exists  for  sq,  one  has  a  positive  Integer  N  such  that 
for  every  board  disturbance  strategy  Qq  there  exists  sequences  (f^,f^,...fn  J  f^gF) 
and  (g^agj* •• *Bn«i  |  8^6  G)  which  fulfills  the  condition  set  out  in  Section  3.  The 
Integer  n  (less  than  or  equal  to  N)  is  determined  by  s  ,  Q_  and  Q_  and  will  be 
denoted  by  °(*0»QF>QG)  to  emphasize  this  dependence.  In  view  of  Qp  being  a  winning 
strategy,  n(ao,QF,QG)£N  for  every  disturbance  strategy  Qg.  Hence  a  least  upper 


bound  n(3Q,Qp)  exists  for  the  set  of  integers  j n(ao ,Qp,Q^) j  Qg  is  A  board 

disturbance  strategy  j  .  In  symbols 

n(so,QF)  “  l.jj.b.j  n(sQ,QF,QG)  N 

c 

Since  the  s£t  of  integers  n(s  ,Q„*Q-)  Is  finite,  this  bound  Is  attained  by 

o  r  u 

some 

u 

The  greatest  lower  bound  of  n(s  , Q— )  over  all  winning  strategies  for 

o  r 

sq  will  be  denoted  by  n(sQ). 

n(sQ)  »  g.^.b.  [n(so,QF)|  Qp  is  a  winning  strategy  for  soj  . 

Again,  since  the  set  n(s  ,Q  )  is  finite,  this  bound  Is  attained  by 

o  r 

some  Qp. 

The  following  lemma  will  be  useful. 

Lemma  3.7:  In  a  board  game,  let  there  be  a  winning  strategy  for  Sf 

and  let  n(s  )  ■  n(s  ,Q_)  «  n(s  ,Q_,Q0)  for  some  control  strategy  Q_  and 
o  o  r  o  r  o  r 

disturbance  strategy  QG>  Let  s ^  -  QF(*0)<so>  and  s'  »  QgU^Hs^}. 

Then  n(s')^n(s  )  -1. 

o 

Proof :  It  can  be  seen  Initially  that  Qp  is  a  winning  strategy  for 

s'.  If  it  is  not  a  winning  strategy,  there  exists  a  disturbance  strategy 

Qq  such  that  there  are  no  sequence  f  and  g  of  length  n(s')  and  n(s')-l  dictated 

by  Qp  and  QG  which  end  s'  in  W.  If  one  now  defines  a  new  strategy  such  that 

Qq(s^)  »  Qgfs^  and  Qg(s)  ■  QG<s)  for  all  situations  s(i*  s^  for  which  is 

defined,  then  there  will  be  no  f,  g  of  lengths  n(s  )  and  n(s  )-l  dictated  by 

o  o 

Qp  and  which  end  bq  in  W.  This  contradicts  the  hypothese  that  n(so,Qp)- 
n(so). 

Given  that  there  is  a  winning  strategy  for  s',  if  n(s')<£  n(s  )-l  then  for 

^  o 

every  winning  control  strategy  Q*  n(s' ,Q') £  n(s  ) .  Hence  there  is  a  disturbance 


strategy  such  that  n(s' ,QF,QG>^  n(ao) .  A  forterlorl  there  le  e  disturbance 

strategy  auch  that  n(a' n(*0) ■  Define  a  strategy  Q£  such  that 

Q^(s1)  -  Qp^)  *nd  QjUs)  -  <$<•>  *or  all  •  <*  aJL)  for  which  is  defined.  Then 
n(«o.QF.Qg)^  n<«0)  +1»  But  n(«o)  -  n<»o,QF,QG>^  n(«o»QF,q^> ,  leading  to  a  con¬ 
tradiction. 

One  can  easily  prove  the  following  on  the  basis  of  this. 

k 

Leges  3.8  If  in  a  board  game  n(sQ)  -  k,  then  sq£ 

Proof ;  Let  n(s  )  -  1.  Then  there  exists  a  function  fc  F  such  that  f(a)«  U. 

Hence  bqC  -  ft 

Let  now  the  theorem  be  true  for  n(s  )  ■  k.  Let  n(s  )  ■  k  +  1. 

o  o 

Then  there  exist  a  control  strategy  Qp,  such  that  for  every  disturbance  strategy 

Qg  n(so,QF,QG)$  k  +  1.  Let  QF(so)(ao)  -  and  QgCsjMsj)  -  s'.  Then  by  lemma 

3.7  n(s')  ■  k  £k.  Hence  by  the  induction  hypothesis  s'C  .U?  U.?  .L>  W  .  Hence 
o  k+1  1-1  l  1-1  l 

by  definition  s  €  W. . 

J  o  i-1  i 

This  leads  immediately  to  the  following  Corollary. 

Corollary  3.9  If  there  is  a  winning  control  strategy  for  soe  ^F  Sf  then  soC  w^. 
Proof ;  Let  n(eQ)  -  k.  Then  so«  ^  V^<g  ^  W^. 

Analogous  to  the  case  of  W-problems  the  idea  of  U-evaluations  is  of  utility  in  the 

description  of  strategies.  A  strategy  Q_  will  be  called  evaluating  if  at W,  (k>l) 

*  k-1  K 

and  QF(s)-  f  implies  that  for  all  g£G  such  that  f<s)CS^,  g(f(s))<  jM[  W^,  and 
s«W^  and  Qf(b)  -  f  implies  f(s)cU, 

Theorem  3.10  An  evaluating  strategy  is  a  winning  strategy  for  every  s(^F  sf 
for  which  a  winning  strategy  exists. 

Proof;  If  there  is  a  winning  control  strategy  for  s,  then  aC^  W^.  Let  se  W^. 

Let  QF  be  an  evaluating  strategy  and  Qc  any  disturbance  strategy. 
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If  k  -  1  then  Qr(s)(s)  &  W  indicating  Q_  is  a  winning  strategy. 

k  r 

Let  the  theorem  be  true  for  sC  •  bet  T^en  by  definition 

k 

of  evaluating  strategies  if  Q^lsHs)  ■  a^  and  Qc(s^(s^)>  •  then  s'e 

By  induction  hypothesis  there  exists  sequence  (f^,...fn>  and  (g^»g2* • *Sn_j) 

dictated  Q_  and  Q_  such  that  f  (g  , ( . . .g, (f , (s) . . .) £  W.  Hence 
r  o  n  n-±  1  1 

£n(Rn-l(,“gl<fl<QG<8i>(QF(8Hs>>,,,)  ‘W* 

Since  0„  is  arbitrary  Q_  is  a  winning  strategy  for  s. 

One  can  prove  also  an  analog  of  theorem  2.6  regarding  evaluating  strategies 

to  show  that  if  in  every  situation  one  applies  a  move  dictated  by  some  evaluating 

strategy,  the  resulting  behavior  of  the  game  corresponds  to  that  dictated  by  an 

evaluating  strategy.  The  theorem  and  Its  proof  is  omitted  since  these  are  exact 

analogs  of  theorem  2.6  and  no  new  difficulty  is  created  by  the  relaxed  structure 

of  board  games. 

The  idea  of  evaluations  and  evaluating  strategies  are  analogs  of  the  similar 

idea  for  W-problems.  However,  certain  classes  of  sets  exist  for  board  games  whose 

descriptions  also  help  in  the  construction  of  winning  strategies  and  whose  analogs 

do  not  exist  for  W-problems.  These  will  now  be  discussed,  for  their  role  in  strategy 

construction  2:'.  well  as  for  bringing  the  theory  in  line  with  certain  graph- theoretic 

concepts  which  will  be  of  value  in  later  discussions. 

One  can  define  a  class  of  subsets  J  K.  {  of  U_  S  as  follows:  s*  U  s 

1  IS  g6G  g  gtG  g 

is  a  member  of  if  and  only  if  for  all  g  such  that  8*sg»  g(s)fc  Wj. 

s  6  U  S  is  a  member  of  K.  (i>l)  if  and  only  if  for  all  g  such  that 
gfcC  gt  1_1  i 

sC-Sg,  g(s)£  kC{  Wk  and  ^  J^. 

The  following  are  easy  to  see. 

Lemma  3.11  8{U,  ,  if  and  only  if  there  exists  an  ft  F  such  that  f(s)e  K  .  and 

K  It- .1 

there  is  no  f£F  such  that  f(s)C  Kj(J<!  k  ”  1)  • 


The  proof  will  be  omitted. 


Theorem  3.12  Civ«n  as  a#  jU  p  Sf  If  there  exists  an  ((  T  auch  that  f<*)€  Kj, 
and  no  f'€  F  eueh  chat  f  ’(a)  *Kj(J^i)»  than  f  »  Qp(a)  for  ioh  evaluating 
strategy  Qf. 

Tha  proof  of  thla  follow*  from  Lessee  3*11.  Th*  importance  of  [ 
for  tha  conatructlon  of  winning  strategies  lie  in  the  fact  that  if  one  haa 
descriptions  of  for  ovary  i,  then  one  can  construct  evaluating  strategies 
also. 

Before  going  on  to  another  very  important  proparty  of  the  clans  { In 
the  next  section,  it  will  he  useful  and  worthwhile  to  indicate  nn  analog  of 
cautious  atrateglea  in  board  games.  For  thia  one  needs  the  following  definition. 
Given  a  board  game,  on*  defines  a  relation  RSS  x  S  as  follows 
sRs'  if  and  only  if  there  exist*  an  heFUc  such  that  h(s)  ■  s'. 

A  board  game  is  called  Progressively  Finite  if  and  only  if  there  is 
no  infinite  chain  Sj.Sj. * .<8^  <S)  such  that  for  each  i 

A  board  control  strategy  is  called  cautious  if  and  only  if  for  each 
s€  V  Wi  ■  f  i*  such  that  either  f(a>€  W  or  f(s)C  g^Q  *n<*  *ox 

gCG  such  that  f(s)f  S  ,  g(f(s))£^  W..  Evidently  every  evaluating  strategy  is 
a  cautious  strategy.  However,  on*  can  say  more. 

Theorem  3,13  If  a  board  game  is  progressively  finite  then  a  cautious  strategy 
is  a  winning  strategy  for  every  element  sQt  ^  . 

Proof;  Let  QF  be  a  cautious  control  strategy.  For  any  arbitrary  control  strategy 
define  a  sequence  such  that  for  each  1 

si+l  "  ^*1^*1^  1  11  *V*n 

*i+l  *  ^*1^*1^  lf  1  0<W 


Evidently,  in  this  sequence  •i+1R*i  for  every  1.  Since  the  gene  la  progressively 

finite,  this  chain  has  a  last  element  s.  .  Now  a.  J  U „  S  since  otherwise 

K  X  ~  g  a  G  g 

Qg(b^)  would  be  defined  and  »k  would  not  be  the  last  element  of  the  chain. 
Similarly  ak4  f^p  Sf. 

If  g^G^g*  ^F^*k-2^ak  2^  "  Bk  1  auu  ^,‘suc*  ^“2  1“  cveu*  however 

since  so*  and  Sp  is  cautious,  for  all  even  J.  Hence  sk_2fc^  wj» 

Hence  by  definition  of  cautious  strategy  a^t  ^  which  contradicts  sfc  being  the 

last  element  of  the  chain.  Hence  s,  .  4  U  s  .  Also  k-1  is  then  even.  So 

k-1  T  gt  G  g 

s.  Uw  .  Then  s,  C  W  or  s.  C  U_  S  .  s.  i  L)  S  .  Hence  a,  £  W. 
k-1  li  k  kg«Gg  k'gaGg  k 

Since  Qg  la  arbitrary,  Qp  is  a  winning  strategy. 

This  theorem  is  an  analog  of  Theorem  2.8  and  indicates  that  in  a  finitely 
progressive  game  one  can  construct  a  winning  strategy  whenever  a  description  of 
^  is  available. 

It  can  also  be  seen  quite  easily  that  a  cautious  strategy  can  also  be 
constructed  from  a  knowledge  of  ^  K^. 

Theorem  3.14  If  s«  Sf  and  there  exists  an  f€  F  such  that  f(s)€^  K^, 

then  f  “  Q  (s)  for  some  cautious  strategy  Q_. 

r  r 

Proof:  Let  f(s)€K.  .  Then,  for  every  g€G  such  that  f(s)e  S  , 
k-1  *  8 

g(f(s  Wi^  i  Wi*  Henc*  •  strategy  Qp  such  that  Qj,(s)  -  f  is  a  cautious 

strategy. 

Some  of  the  above  theorems  could  have  been  strengthened.  Also,  some  further 
theorems  can  be  added  regarding  the  relationships  between  and  K  .  Also 

ananlogs  of  these  theorems  exists  for  ^  ^  ,  the  L-evaluations .  However,  for  the 

present  purposes,  these  are  not  of  immediate  importance.  In  the  next  section 
certain  well-known  graph-theoretic  properties  of  ^  will  bt  introduced  which 
lead  to  important  methods  for  construction  of  winning  strategies.  In  these, 
attention  will  be  mostly  limited  to  progressively  finite  board  games. 
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7.  Strateglea  laacd  on  Graph  Deconpoeltion 

Hoet  of  the  raeuita  in  thia  aaction  ara  intarpratationa  of  wall -known 
teafelta  in  Graph  Theory  [J15]  •  Thaaa  intarpratationa  have  bann  aided  by  certain 
elenentary  concapta  of  Autoaata  Thaory  [A4}>  It  la  etroogly  auralaed  by  tha 
author  that  tha  extenalon  of  tha  ttchniquaa  dlaeuaaad  in  thia  aaction  will  be 
of  help  in  developing  new  sethoda  of  problea  aolutlon. 

Tha  introduction  of  eone  graph-theoretic  notiona  are  in  order.  A  graph 
la  given  by  a  pair^S, R  where  S  la  an  abatract  eat  and  RCS  x  S.  Claarly  for 
a  board  gaae^S,F,G,W,L if  R  ia  defined  aa  in  the  pravioua  aaction,  then 
<S, Redefines  a  graph.  Given  a  aubaet  S'f  $,  R(S')  la  the  aet  of  all  eleaenta 
related  by  R  to  elenenta  of  S'.  In  ayabola 
R(S')  -{a  |  Oa'XaV  S'  and  e’Ra)  . 

R( J  a}  )  will  be  denoted  by  R(e)  for  elaplicity. 

Given  a  graph  ^S,Rj>  ,  a  aubaet  S'  S  la  called  a  Kernel  if 
a^S  iapliea  R(a)0  S’  i  t 
and 

R(S')rt  S'  -  0 

Given  a  graph <  S,R^  ,  an  integer  valued  function  H:S-*N  napping  S  into 
non-negative  lntegara  la  called  a  Grundy  function  if  it  haa  the  following  property; 

M(s)  •  n  iapliea  for  all  e’<  R(e) ,  M(a')  i  M(a)  and  for  each  Integer  »<n 
there  exlata  an  a'g  R(a)  auch  that  H(a')  •  n . 

Thaoren  3.15  (Barge)  If  tha  graph  ^S,R^  correapondlng  to  a  board  gaae^S.F.G.W.L^ 
poaaeaaea  a  Grundy  function  M,  then  the  aet 
|a  |  M(«)  ■  olj 


la  a  Kernel. 
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Proof:  If  M{«>  -  0,  than  for  all  a'  -  h(a)  |  he  VO  c\  ,  M(a')  4  0,  Also  If 
M(a)  4  0,  than  thare  axlata  at  leaat  tone  h<  PUG  such  that  M(h(a))  »  0. 

The  next  theorem  like  the  last  one  la  an  obvious  specialisation  of  a 
general  theorem  in  graph  theory.  One  initially  introduces  another  definition; 

A  progressively  finite  graph  S,R  la  called  progressively  hounded  if  for 
each  s«S  there  la  an  integer  N(a)  such  that  all  chains  of  R  starting  at  s 
has  a  length  lass  than  N. 

Theorem  3,16  If  a  board  gave  <'S,FlG,W,0  la  progressively  bounded  and^S,R,^ 
is  its  corresponding  graph,  then^S,R)  has  an  unique  Grundy- function  M. 

Proof ;  Define  a  subset  G  of  S  as  follows: 


G  -  S  -  o  S'  -  U  s 
o  ffcFf  gfcGg 

By  definition  if  a^G^  and  M  is  a  Grundy  function,  M(s)  -  0.  Also  G  is  non¬ 
empty  by  definition. 

Since  the  graph  ^S.R^  Is  progressively  bounded  for  every  a  <1  S  there  is 

an  Integer  N  such  that  any  chain  s  ,s, ,...s„  of  members  of  S  such  that  s  -  s 

o  l  n  o 

and  for  each  i  s^  R  has  length  less  than  or  equal  to  N.  The  lengths  of 

all  chains  starting  at  s  la  thus  bounded  above  and  hence  there  la  a  chain  of 

maximal  length  starting  at  a.  Let  the  length  of  the  chain  of  maximal  length  be 

k(e).  It  will  be  proved  by  induction  that  for  all  integers  n  if  k(s)  -  n  then  the 

value  of  the  Grundy  function  ftf  •  la  defined,  finite  and  unique. 

If  k(a)  •  1,  then  there  exists  a  function  h*  FUG  such  that  h(s)  «  s-f^pSf  “ 

S  and  there  Is  no  function  hCF UC  such  that  h(s)t  ,  ,  because  if 

n  i  r  u  G  h 

there  were,  there  would  be  e  chain  starting  at  s  of  length  greeter  than  1.  Hence 
k(s)  ■  1  Implies  M(s)  -  1. 

Let  the  theorem  be  true  for  all  a  such  that  k(s)<n.  Let  k(e)  -  n+1.  Then 
for  any  hi  FUG  auch  that  s  *Sh,  k(h(e)>^  n  since  otherwise  there  would  be  a  chain 
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starting  st  s  of  length  grsatsr  chan  n+1.  Sines  tha  sat  of  values  H(s')  for  all 
s'  with  k(a)^  n  Is  defined  and  flnits,  ona  has  an  unique  integer  M(s)  such  that 
M(s)  i*  M(s')  for  all  s'  such  that  s'  «*  h(a)  for  none  ha  FUG  and  for  each 
k<M(a),  there  la  an  a'  auch  that  a'd  h(a)  for  soaw  ha  FUG  and  M(a')  ■  k. 

The  next  theorem  exhibits  the  relationship  between  the  class  {  and  the 
graph  theoretic  concepts  developed  earlier. 

Theorca  3,17  In  a  progressively  bounded  board  game  S,F,G,W,L>  let  S’  be  the 
set  of  all  points  for  which  tha  Grundy  function  H  has  valua  0.  Then 
s^(,U0st)SU  v 

Horeover  if  WUL  ■  S  -  S,  -  U  s  and  if  for  each  s*S,  the  set 

r  t  gi  if  | 

Gg  ■  |  g  \  gd  G  and  a  <  io  finite,  then 

•'n  ‘.Vo  st>  ■  4  h 

Proof:  Let  afi'K^,  It  will  be  shown  by  induction  on  k  that  M(s)  *  0, 

It  is  clear  that  if  stf  W^,  than  M(s)^0,  since  there  la  an  fc  F  such  that 
f(a)cW  and  hence  M(f(a))  -  0.  Now  if  a€K^,  then  R  (a)SW^.  Hence  for  all  g 
such  that  a  £  Sg,  M(g(s))>o.  tience  M(s)  -  0. 

Let  the  theorem  be  true  for  s£  K^.  If  s  C  W1+1.  then  M(s)>  0  since  there 
is  an  f€  F  such  that  F(a)£  (by  Leasui  3.11)  and  hence  M(f(s))  •  0.  Let 
,<Ki*l*  then  by  definition,  for  every  g<G  such  that  adSg,  g(a)dW1+1,  whence 
M(s)  ■  0. 

Hence  ^  K.ttS'.  Also  by  definition  ^  C  U  _  S  .  Hence  the  first 
li  1  1  gs  G  g 

part  of  the  theorem  follows. 

For  the  second  part  of  the  theorem,  let  a£S'0(  W-  S  ).  Define  any 

gc  u  g 

control  strategy  Qp  such  that  for  all  s6fL/p  5f,  if  M(s)  i  0,  QF(s)(s)«  S'. 

Since  S'  is  a  Kernel,  such  a  strategy  axlsta.  Let  Qc  be  any  disturbance  strategy. 
Let  Qg  (s)(s)  -  s'.  Define  the  sequence  h^.h^,...  of  membera  of  F  and  G  as  follows 
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hj  -  QF(«’)j  h2  -  Q^hjC.*)) 
and  in  general 


^21+1  " 


>2^  "  Qg(h2j_j» • • •h^Cfc') ■ « •) • 


Since  the  game  le  progressively  finite,  such  a  sequence  must  end.  Let 

be  tha  last  element  of  the  sequence.  Then  h  £  G.  If  it  were,  then 

a  * 

M(h  (h  , . . .h, (s') . . .)  •  0  end  h  ,  €  F,  But  by  the  definition  of  h  ,  end 

the  property  of  Qp,  M(ha_^(. ..h^(s'))  -  0.  This  lesds  to  a  contradiction. 

Hence  he  F  and  hOi  . . . (h, (s') . . .)<  S  -  V  S,  -  O  sa  -  WU  L  and  by  B4 
ai  n  in-1  l  t  *  r  r  gto  g 

h (h  . . . . (h. (s') . . .)d  L.  Hence  h  (h  . . . . (h. (s') . , .) t  W.  Since  Q  is 
®  R—i  17  m  «-l  1  G 

arbitrary,  Qg  is  a  winning  strategy  for  s'.  Hence  s'«^  by  corollary 
3.9.  Let  i'(V  .  Since  s'  -  g(s)  for  an  arbitrary  g  such  that  e€  S  ,  one 

J  % 

obtains  that  if  »<*S •/)(  U  s),  then  for  hi  gtG  such  that  s  <S  ,  g(s)£  W. 

8 1-  «  8  8  3 

for  some  J. 

Given  a<  S'/|(  U  5  )  define  the  set  of  integers 

8  ®  —  g 

Na  "  {  J  I  t  J  8)  (#  *  sg  and  g(s)  €  )  . 

Since  by  assumption  there  is  only  a  finite  set  of  disturbances  g£G  such  that 


s  t  S  ,  N  is  a  finite  set.  Let  k  be  the  etaxlmum 
6  k  k 


of  N^.  Then  for  all  g  such 


that  sdS^,  g(s)€  W^.  Hence  This  proves 

S’0(gj>c  yty*, 

and  with  the  reverse  inequality  proven  in  the  first  part  of  the  theorem  it  proves 
the  second  part  of  the  theorem. 

A  board  game  will  be  called  Grundy-Tractable  if  and  only  if  it  is  progressively 
finite,  if  WUL  •  S  -  -  gL>c  Sg  and  for  any  it^c  Sr  the  set  G?  - 

^8  |s  CG  and  itS^  is  finite.  The  calculation  of  the  Grundy-Function  in  a 


Grunrty  Tractab’e  board  game  leads  to  a  mode  Df  description  for  ~  and 

hence  to  the  construction  of  winning  strategies.  However,  the  method  for 

calculating  the  Crurtdy-Function  aa  indicated  In  theorem  3.16  is  certainly  not|  a 

very  practicable  method.  Practicable  methods  are  available  fur  a  certain  class 

of  board  games  which  will  nov  be  discussed. 

A  board  game ^S,F,G,W,L^  will  be  called  Graph- Interpretable  if  and  only 

if  there  exists  an  abstract  set  ,  a  set  H  of  functiona  mapping  subsets  of  S\. 

into  £1  (i.e.  hfiH  Implies  h;S.->il where  I,(H)  and  a  subset  T  of  O. such 

n  n 

that 

Grl)  S  -Six  fo,l$ 

Gr2)  i)  W  -  J(a,l)|  s&  l\ 
ii)  L  -  {(a,0)\  a  fcTl 

Cr3)  h  c  H  if  and  only  if  1)  there  exiftks  an  f  c  F  such  that  s  t if  and 
only  if  (s,0)€  S£  and  f(a,0)  -  (h(s),l) 

and  il)  there  exists  a  g«G  such  that  if  and  only  if  (i,l)  cSg 

and  g(a,l)  -  (h(#),0) 

Gr4)  1)  (s,k)<TSf  and  f  CF  implies  k  -  0 

il)  (a,k)  c  S  and  g<fi  Implies  k  ■  1. 

£ 

The  rest  of  ih*>  discussion  in  this  section  will  be  restricted  to  graph- 
interpretable  games— to  Grundy  Tr***-  )le  graph- interpretsble  games  in  particular. 
Obviously,  a  graph-interpretable  game  is  completely  specified  by  the  triple 

H,  T  >  and  defines  a  graph  .  The  Grundy-Functlon  H  of  this  graph 

has  the  property  that  if  T  implies  M(a)  -  0, 

Given  a  finite  set  of  Graph-Interpratable  games  .T^  J  1  <i<n^  , 

a  graph-lnterpre table  game^l.,  H,  is  called  the  sum  of  ^2^,  if 

anu  only  if 
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51) J\  -X)  xf)  x . . . x^T 

1  Z  B 

52)  hf'H  and  h(s^,..,sn)  *  (g|,...,s^)  If  and  only  if  there  is  an  unique 

positive  integer  n  and  member  such  that 


S3) 


Sj  if  J  +  i 

W 

T  -  T.xT-X, . .xT 
12  n 


Theorem  3.18  Given  a  finite  aet  T^^of  Grundy-Tractable  Graph- 

Intcrpretable  Games,  their  sum  is  Grundy-Tractable. 

Proof:  For  each  i,  -  S1  -  f^F^Sf-g  SR,  Bince  the  gane^^  ^T^ 

is  Grundy-Tractable.  If  now  s*!^  -  Sh  then  there  is  no  f fe  Ft  such  that 

(a,0)^  Sf  and  by  definition  no  g«Gt  such  that  (s,0)  €  S  .  Hence 

(s,0)€  St  -  sf  -  U G  Sg.  Hence  (s,0)g  or  seTj.  Hence  ^  9S> 

That  T.  C  S2  .  -  «,y„  S.  follows  from  (B3) .  Hence  for  each  i,  T.  -XI  -  .LI  s,  . 
i-  i  hfH1  h  i  i  hfcHt  h 

Let<in,HfT>  be  the  sum  of  {  1  -  1,2,..  .n  )  .  If  (s^  ,s2  , . . .  s^)  (  T, 

then  for  each  i,  s^  Jl±  -  hUH  Sh>  Hence  there  is  no  htH  such  that  scS^ 

Hence  T£  Si-  hUH  Similarly  if  (slts2, . .  .sn><Jl-  hUH  Sh,  then  for  each  i 


U  s 
he  IK  V 


Jl^  -  jU  ^  Sh.  Since  T4  -  X}.,  -  u  U, 


h^V  'i€V  Hcnce 


(fll»,,,sn)C  ^1*^2X*  *  *x^n  "  Hence  -Si  the  previous 

inequality  shows  T  -  51  -  ^  Sh.  Hence,  U^L  -  (gU^(s,°)j)  U  (^^(o,  1)J)  . 

s  -  L*  c  _  (J  c 

f €  F  S£  g(G  Sg* 

Let  s€  rfc  Sg.  Hence  a  -  (e,l)  for  some  s  -  (s^.s^, .. *8n)*  ft  and  for  some 
i(i£iXn),  ^  Sh  .  Since  the  game^T^  ,H1  .T^  is  Grundy-Tractable,  the 

set  ^h|htHA  and  s  *  is  finite.  Hence  the  set  of  h  such  that  (a^s^ . .  .b^)  G- S( 

is  finite.  Hence  the  set  of  gCG  such  that  (s,l)  CS  it,  finite. 

S 


To  show  that^A.H.T^  i«  progressivaly  finite,  one  assumes  to  the  contrary 

1  2 

that  there  exists  en  infinite  sequence  h  ,h  ...  of  functions  in  ii  such  that  for 
and  s*Jt  ,  a  e  S^l,  and  in  generai  hi-1(h1-2( . . . h^tsi . . . )e  S^i. 

One  says  that  occurs  in  h*  if  the  ktb  component  of  h1  2(. . .h^fs) . . .) 

and  the  ktb  component  of  h*(h*  *(...h  (a)...)  are  distinct.  Since  one  game 

occurs  In  h*  for  every  1  and  there  are  only  n  games,  some  game 

i  ^*1  ^2  1  1? 

,T.  y  must  occur  in  h  for  an  Infinite  subsequence  h  ,h  , .  ■ .  of  {  h  J  . 

th  v1  1r2  i 

Then  the  k  component  s'  of  h  (h  . ..h  (s)...)  belongs  to  S  for  some 

“i 

.  ,  „  .  .  ,th  _  .  .  il/.  il"1(...h1(s)..,)  is  h,  (s’)  ind  is 

h1€  and  the  k  component  of  h  ^(hj  i_2  i^ 

identical  to  the  ktb  component  of  h  2  (h  2  ( . . ,h* (s) . . .)  end  is  a  member  of 

S  for  some  h.  (j  H,  ,  One  thus  obtains  an  infinite  sequence  h.  ,h  , 

i2  i2  k  M  V"  ot 

members  of  such  that  some  element  s'  of  SI  ^  belongs  to  ,  and  for  each 

il 

p,  h  . (h  ?...h  (s ')...) £  S.  .  This  contradicts  the  assumption  that 

V  P  hip 

is  Grundy-Trectable  end  hence  progressively  finite. 

The  Importance  of  the  sum  of  Graph- Interpret able  games  stems  from  the  fact 
that  if  the  Grundy-Functlons  of  the  components  ere  known,  then  the  Grundy- 
Functlon  of  the  sum  can  be  calculated  quite  readily. 

To  indicate  the  method  of  thia  calculation  one  needs  to  define  e  special 
binary  operation  (?)  between  non-negative  integers.  Let  a  end  b  be  two  such 
Integers.  Let 

«  “  eQ  +  0^2  +  a^22  +  ...1^2*  Of  a^  1 

b  -  b„  +  b,2  +  b,22  +  ...b  2U  0<b,  <  1 
0  i  i  n  *  i  ' 

i.e.  let  *‘**0  *nd  bnbn-l* ’  ,b0  b*  ^^n*r>r  *«P***cntation  a  end  b. 

One  can  assume  without  lose  of  generality  that  m  ■  n  and  that  tome  of  the  leading 


binary  digits  are  0. 


-i  it* 


One  defines 

c  -  (a  ©  b)  *  cQ  +  c^2  *  Sj22  +  ..  cffl2M 
where  for  each  i,  ■  a^  +  b ^  (mod.  2). 

Ic  can  be  seen  easily  that  the  ©operation  is  a  group  operation  on 
Integers,  with  0  as  the  unit  element  and  every  Integer  its  own  Inverse. 

The  following  theorem  indicates  the  use  of  the  ©  operator  in  the  cal¬ 
culation  of  the  Grundy-Functlons  of  sums  of  games. 

Theorem  3.19  Let  ^  i  -  1, 2, . .  .n  be  a  collection  of  Graph-Interpretable. 

Grundy-Tractable  games  and  let  be  their  Grundy  functions.  One  defines 
M  on  their  sum  as  follows 

M((s1 . n))  -  MjfSj)  Q  M2(s2)  ©  ...  ©Mn(sn). 

M  is  a  Grundy-Functlon  on  the  sum. 

Proof:  Let  M((s. .a... . .s  ))  ■  k  and  let  M.(l.)  -  n..  One  has  to  show  that  for 
i  l  n  ill 

all  h  €  H  such  that  (s^. . .sn>€>  S^,  M(h((s^,a2, . . .sn>) )  i  k  and  for  each  integer 

m<k  there  exists  an  h«  H  such  that  (a.,...s  ){  S  and  M(h((s,  ,...s  )))  -  9. 

Ann  x  n 

Let  k  ■  kp  +  k^2  +  ...  k^* 
and  for  each  i  +  n^22  +  ...n^t2C. 

Let  h((s2,S2» . . •■„))  *  ^2 * 1 1 * 

Then  there  exists  a  J  such  that  s^  •  s^  for  all  i  +  j  and  sj  ■  ^(s^) 

for  some  h  <=  H  .  Then  M  (s’)  *  n..  Now  M((s' ,  s'. . .s'))  -  n, ©  n,  ©  . . . 
jj  jjj  lxn  1  i 

©  nj-l  ®  >  ©  "j  ©  •  •  •  nn  and  MUa^Sj. .  .sfl))  ■  k  -  nj  0  n2  0  ...  ©  n^  (fJ 

. . .n  .  whence 
n 

MUs^Sj, . .  .»n))  +  M  ((s^,a^,. .  .s^>)  "n  @Hj(sj). 

Since  M^taj)  +  n^,  M( (s^.Sj, . .  ,aft) )  i  M((aj!  ,s2, . .  .a^)) ,  proving  that  for 
all  h  such  that  (»1.s2. sn>C  Sh,  M(h( (Sj ,s2 , . . .an> ) )  i»  MUs^a.,, . .  .a  )  . 

Let  m<  k. 


Let  m 


+  m^2+. . ,+m^2t , 


There  must  be  at  least  one  J  such  that  rtij  4  kj 
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slnce  a  4  k.  Lit  be  the  largest  such  Integer.  Since  a^k,  “0  and 


k.  ■  1.  Since  k.  -  1,  there  Is  an  i_,  euch  that  n.  .  •  1.  Define 

J0  30  O^O 

integer  n'  ■  n!  _+n'  ,  2  +,,,n!  2C  as  follows: 

10  J0U  0 

ki 


an 


nj  ,  -  n4  .  if  ®4 

V  V  3 


V 


n  ,  •¥  l(«od,  2)  If  m k.  . 
x03  3  3 


Since  n  -  k,  for  and  ».  +  k.  and  n.  ,  •  1,  we  have 

J  j  '  jq  3q  xqj0 

\>  ‘  V  fot  J>J°- 


Aleo 


ni  i<ni  1  *lnce  nl  1 

1nJf 


■  0. 

‘0J0  *0J0  *0J0 
Hence  nj^  n^  .  Moreover,  for  each  J^t, 

kj  *  nlJ  *  ”2J  . . *  •  + 


(10-1)J  10J  <i0+l)i 


+  ...  n  .  (mod. 2). 

nj 


Consider 
pj  ‘ 


"lj  +  n2J  +  +  +  \l  *  Vj  <"*■  2) 


whence  p,  +  k.  -  n  .  +  n'  . 

j  J  lyJ  '(J3 


Hence 


whence  p,  ■  k.  If  and  only  if  n,  ,  ■  nl  k  i.e.  if  and  only  if  m  -  k . . 

3  3  o3*q  3  3 

Pj  -  for  every  J.  Hence 

°  "  n!  ©  n2  ©  .. .  ©  n’  <t>  (n^  +1y*  ®  "n* 

Since  n!  n  «  m.  (a.  ),  there  exists  an  a! g SI .  and  an  he  H, 

*0  l0  *0  l0  0  0  l0 
such  that  M.  (s'  )  -  n'  and  h(s,  )  ■  s'  .  Hence  there  exists  an  h'C  H  such 
*0  l0  l0  *0  l0 

that  h((s1,s2> . . ,sn))  -  (s1,a2,...s1  _j,  aj  ,  a^  +j,...an>  and 

M((a. ,a,,  ...a  s!  ,s  ,,...s  ))  -  m. 

1  2  4o  1  x0  40  1 

If  one  is  given  a  graph-interpretable  gaoe^ft.H.X^  which  la  the  sum  of  a 
finite  number  of  graph-interpretable,  Grundy-Tractable  Games,  then  one  can  calcu¬ 
late  the  Grundy-functlon  of^lil ,H,T^  identify  the  set  ^  for  it  and  construct 
a  winning  strategy.  This  necesaltates  a  knowledge  of  the  Grundy  functions  of 
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each  component.  However,  since  the  component  names  have  much  fewer  states, 
their  Grundy— functions  way  be  calculated  by  the  exhaustive  technique  indicated 
in  Theorem  3.16. 

This  technique  of  construction  for  winning  strategies,  of  course,  is  limited 
to  graph-interpretable  games  which  can  be  decomposed  into  Grundy-trflctahle  games. 
In  what  follows  conditions  will  be  set  down  for  the  graph-interpretability  of 
board  games  and  decomposablllty  of  graph-interpretable  games. 

Theorem  3.20  A  board  game^ .. ,F,G,W,L^  is  graph  interpretable  if  and  only  if 
there  are  two  subsets  Sq,  of  S  and  two  one-one  maps 

*  «  V  S1 

^  :  F*c 

such  that 


i)  Lf50;  USS1 


ii) 

,Ve»,ssi>  fV  ,  sf  *  so 

ill) 

oc'hs)  -  s  i  «(s.) 

*  fl  Ug) 

■  S/>W 

iv) 

ot'1  (f<s))  -  1? <£) <or (s)); 

*(g(.) 

-  ^T1<g)<or-l(9)) 

for  each  f<  F,  g<  G  and  any 

■  (5  for 

which  either  side 

equation  la  defined. 

v) 

ot  (L)  -  W 

vi) 

S0US1  ■  5 

Proof :  Let  <^S,F,G,W,L^  be  Graph-Interpretable.  There  exists  a  set  XT  a  set  H 
of  partial  functions  mapping  subsets  of  Sl  into  -S“l  and  a  subset  T  ofJfl  satisfying 
Grl  to  Gr4.  Define  SQ  -  | (s,0)|  s  and  Sj  -  |(s,l)  |  s c  n j  .  Then(vi) 
is  satisfied. 

Define<J((s,0)  ■  (s,l)  for  each  element  of  SQ.  This  la  one-one  from  SQ  onto 

S. .  Also  (s,k)dS  for  g  t  C  implies  k  •  1  whence  (s,k)tS,.  Hence  U  s  <-  S, . 
1  8  l  ge g  « *  l 

f^F  sf-so  ■•tiafying  (ii). 


Similarly 


I  ill=- 


W  -  £(a,l)\  s  «  t|<^(s,1)  [  "  V 

Similarly  L§  5  proving  (i). 

If  (s,C)  t  L  then  s  4r  T  and  of  <#,G)  -  (a,l)  whence  Of  (b,0)€  |{s,1)  \  a  £lj-  W. 
Hence  of  (L)C  U.  It  can  be  ahown  similarly  that  of  *  (W) C  L  proving  (v) . 

For  each  f<TF  there  exists  an  h  <H  and  gfC  such  that  "|(b,0)  |  a  £ 
and  Sg  -  |  (s,l)  |  a  t ,  f(a,0)  -  (h(s),l)  and  g(i,i)  •  (h(a),0).  IS  one  defined 
^(f)  *  g,  the  resulting  |5  ia  one-one  onto.  Also  (iii)  and  (iv)  will 
be  satisfied  by  thls^  . 

Let  now  4 S , F,0,W,L^ ,  SQ,  S^,  «  and  ji  be  as  defined  bv  (i)  through  (vi) . 

Then  one  can  define  XI,  H  and  T  ao  follows:  Xl^SxS  such  that  (a^a^  <£  J3.  if  and 
only  if  «  C|  (sQ).  Hence  bq  €  SQ  and  s^S^,  Denote  sQ  by  o|  and 

Sj  by  j(«  ,«^)tlj  .  Since  of  is  one-one  onto,  and  because  of  (vi),  If  s»S 
then  either  a(f  and  a  |(  of  *(s),s),  1^  or  «f  SQ  and  s  =  |(s ,  of  (s) ) ,  oj  . 
ilentu  i  -  Jl*  ^0, ^satisfying  Grl. 

S6  LC  if  and  only  if  of(s)€W£S^.  Define  by  T  the  set  of  all  pairs 
(a, of  (a))  such  that  KL.  Then  K  T  If  and  only  if  (a,0)  £  L  and  (s,l)e  W. 


This  establishes  Gr2. 


Bcjh  |  is  constructed  as  follows.  Let  ffiF  and  SfRr.  Then 

by  (11)  and  the  construction  of  Jl,  s  ■  |  (s, ef  (s))  ,0  j  .  by  (iii)  Of  (a) 6 


Define  h  ao  that 


Sh  -  |  (s,  &  (s))  |  a*  Sf^  -  ^(i,  of  (a))  jo((s)  (r 
and  h(a,0f(a))  ■  (  ^J(f)  (0*(a)),  f(s));  h(a ,of  (s) )C jl  since  by  (iv)  sbove 
of (  ^(f ) (o< (s) ) )  -  f(s).  Also,  f(s)  ■  (h(s,0f (a)) ,1) .  This  establishes  first 
part  of  Cr3  and  Gr4.  The  second  parts  follow  similarly. 

This  theorem  is  included  to  show  clearly  *h«t  kind  of  symmetry  is  demanded 


of  s  graph-representable  Rsme.  The  definition,  based  on  the  existence  of  the  S~L 
graph,  did  not  clarify  the  structure  sufficiently. 
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It  may  be  worthwhile  pointing  out  at  this  point  that  the  Nim-type  {tames 
graph-intsrprstsble.  This  follow*  from  the  definition  of  graph  interprctahle 
rums,  the  fol*  ofJTl  being  played  by  the  eet  of  sequencaa  I.  The  reader  can 
verify  that  conditions  C1-G4  are  eatiafled. 

The  Tic-tac-toe-like  games  are  graph-interpretable  also  if  there  la  a 
premutation  P  on  N  auch  that  A£jf}  if  and  only  if  there  exists  a  Be  ^  such 
that  n(  A  if  and  only  if  P(c)  €  B.  In  thia  caae  one  can  set  SQ  ■  |(a,p)jp  -  o| 
and  ■  ^(a,p)  |  p  *  l|  .  Tha  function  CX  may  be  defined  aa  follows:  ((a,0))  - 

<8 ' ,  1)  where  s’(P(n))  -  X  if  a(n)  -  Y ,  «'(P(n))  -  Y  if  s(n)  -  X  and  s'(n)  - 
otherwise;  ia  defined  by  (n,X)  »  (P(n),Y),  At  thia  point  it  may  not  be 
worthwhile  proving  formally  that  the  partition  SQ,S1  and  the  maps  and 
satisfy  the  conditions  i  -  vi  in  theorem  3.20.  However,  the  reader  will  do  well 
to  convince  himaelf,  at  leaac  intuitivaly  that  this  la  acv 

It  car.  be  atrongly  surmised  that  games  like  chess  and  cheekars  are  also 
graph- rep re sent able  in  thia  senes. 

Theorem  3.21  A  greph-repreeentsble  game^71,H,T>  Is  the  sum  of  a  set  of  n 
graph- rep resentsbls  gamesj^.rx^Hj.T^  |  1  <  i<  nj  if  and  only  if  there  exists  a 
set  of  n  equivalence  relations  |  Ej  J  l*i<n^  on  and  a  set  of  disjoint  subsets 
j  llj  \  l  i  it  n  j  of  H  such  that 
i)  U  H’  -  H 

ii)  0  E  •  1,  the  identity  relation  on  XX 
ill)  For  any  s^. .  .•n(»1  fc  A)  thers  exists  stSlsuch  thst  s^a  for  each  i. 

iv)  a  ^  T  implies  that  for  some  sF^s  '  implies  s'^.  T 

v)  sE^s 1  implies  s€Sh  If  and  only  if  *'£  S h  for  all  h*  H*  and 
h(s)E  h(s')  for  all  h  such  thst  s S.  and  s'*  SL  . 

vi)  h«H|  implies  for  *11  s  6  S^,  h(s)Ej*  for  all  j  * 


1. 


- 


-132- 


rroof :  The  sufficiency  is  proved  by  conatructln^Cflj  ,H^ ,T^|  as  follows; 

jTi  ^  i»  i  set  of  equivalence  cleaaea  of  .  Since  0  •  I,  two  distinct 

elements  of  A  does  not  lie  in  the  same  equivalence  class  of  every  E^ .  Hence 
-Tl.  5  Sl.xsi^x. . -*CV  •  Let  s£  J1  .x  n  -X. .  .x ft.  If  e  i  Si  ,  then  there  is  sow  set 
of  equivalence  classes  c^,e2,...en  (e^  an  equivalence  class  of  E^  for  each  1) 
such  that  e^(\  e 2  . . .  /)  e  »  t.  Take  an  element  a^,  *2c  e2,...Bn«:  e^.  But 

there  exist*  a(by(lii)  above)  such  that  sfc  e^  f\e2  .  ..f)efl.  This  contradicts 
C1  *2^  '  ’  *0  en  "  Henc,:  ■‘H.  proves  -SJ^xaj**  •  *x-On  ^  SI  •  S1  ia  thu8 
established. 

Let  T^  be  the  set  of  equivalence  of  which  contain  some  element  sfe  T, 

Clearly,  then  T£  T^x^x. .  .xT^,  again  since  “  I.  Let  s  f  T;  for  each  i  let 

e^  be  the  equivalence  class  of  E^  continaing  a.  By  (iv),  there  exlata  some  E^ 

auch  that  s'<t  T  for  no  member  a'  of  e  .  Hence  e.£  T. .  Hence  si  T,xT,x. .  .xT  . 

i  i  l'i  r  x  2  n 

Hence  the  complement  of  T  is  contained  in  the  complement  of  T,xT,,x...xT  or 

l  jl  n 

T, xT,x. , ,T  C  T.  This  establishes  S3. 
x.  l  n 

Define  as  follows.  For  every  h'£  Hj,  define  a  member  hfH^,  such  '•hat 
if  sfrS^,,  then  the  equivalence  claas  of  E^  containing  a  is  a  member  of  5() 
and  hfe^)  is  the  equivalence  class  of  Ej  containins  h’(a),  Uy  (v),  this  determines 
the  function  h  inequivocally .  For  all  Ej  if  e^  ia  the  equivalence  class 

uf  Ej  containing  e,  then  by  (vi)  is  also  the  equivalence  class  containing 
li'(s).  Hence  if  h'£H’,  then  the  h'(s)  is  In  the  intersection  of  the  blocks 
of  Ej ( ji*i )  containing  s  and  the  hlock  hfe^).  Thia  eatsbliahes  S2  indicating  that 
condltiona  (i)-(vi)  Is  sufficient  for  (Sl)-($3). 

To  show  necessity  let^Sl,H,T^  b«  the  sub  of  ^ ,T^  (l£lln).  Defiae 
(s1,s2,...sn)  E^s^.s’ . .  .s^)  if  and  only  if  s^  -  s^.  Clearly 
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. .  .an)<^  Ei>  -  If  and  only  if  s^  ■  for  every  1,  This 

establishes  (11). 

Since  T  -  T1v,T2x...xTn,  by  (S3)  (s^s,,, . .  .r>n>  ^  T  Implies  b^Tj  for 

some  i.  Hence  for  any  (s’  si.  ..s')  s.  -  a!  implies  (a.',  si, ...*')£  T. 

i  &  n  l  l  it  nr 

Hence  (iv)  follows* 

Now  for  every  he  H  there  is  an  unique  integer  i(l <  i  in)  such  that 
h(«1,...sn)  -  (aj,a£,...s^)  Implies  «  S|)t  for  some  h'fc'!i;sj  *  h'Csj) 
and  sj  ■  s  for  all  J  i  1.  Define  the  class  of  subsets  as  follows: 
hfcH|  if  and  only  if  the  corresponding  h'^flt^,  Since  there  is  an  unique  i 
with  this  property  for  every  element  of  H,  the  subsets  11^  are  disjoint. 

Since  an  1  exists  for  every  element  h£  li,  (1)  follows.  Also,  If 
<«j*82»* • .■„)  Ei  •  then  **  8^-  Hence  if  (Sj  .s^  , .  . .  sn)  €  Sh 

for  h*Hj  then  Sh,  for  h'eHj  hence  (sj.s^, . .  ,s^)  €  Sh  also.  Again 

h((8l,s2t...Sn))  "  ^‘l,*2,“  '"i-l*  h^*l^  ,8i+l’ '  ”Bn^  and  h^*i  >  •  •  • 9^) )  " 

(■j.a'jt  •  •*i+l‘*  **en-1  whence  h((s1,a2,...sn))E1h(a|,a^, . .  .s^) , 

Also,  h((s^B2, . .  .sn))  -  (sj.sj, .  ..h<s1).,  ,sn)  so  that  litUj ,  Sj, , . .  sn)  )Ej 
t*2' •  • ’8n^  f°r  J  f*  1.  This  establishes  (v)  and  (vi). 

Let  there  be  n  elements  8i»82'",Bn  in 'T  •  Denote  these  by  (®11 » • • >8ln) * 

(s21’  ’  ‘  ’ ®2n> * '  * ^*nl * '  ’ *nn)  «-*8P«tlvely .  Let  s’  -  <8U , 822 .  •  •  •  8nn>  •  Then 
BlEi*i  for  *Bch  1>  This  establishes  (ill). 

It  must  be  emphasized  at  this  point  that  for  any  application  of  theorems 
3.20  or  3.21  to  be  practicable,  one  needs  to  have  descriptions  of  the  blocks 
of  the  partitions  referred  to  in  these  theorems.  This  again  necessitates  the 
use  of  a  language  in  which  such  desetiptiona  can  be  expressed  by  tractably  short 
expressions.  It  will  be  Indicated  in  the  next  section  how  some  of  the  Nim-type 
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games  shown  in  Section  4  are  sum-decomposable.  In  these  cases,  the  descriptions 
of  the  equivalence  classes  of  are  particularly  simple. 

In  what  follows,  some  of  the  ideas  developed  in  this  and  the  preceding 
sections  will  be  exemplified  for  Ni®  class  of  gases.  Discussions  of  the  Tic-tac- 
toe  class  of  games  will  be  reserved  for  a  later  cnapter. 
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S.  Some  Examples  of  Strategy-Const ruction 

Concentrating  attention  on  the  Nim-likc  games,  one  can  quite  easily  construct 
a  winning  strategy  for  the  first  game  in  the  examples  for  all  states  (1,0)  where 
i  4  0  (nod.  k+1).  It  can  be  seen  that  ^  -  ((U+l)p,l)  for  any  integer  0. 

This  is  because  for  all  (x^,l)  6  G  such  that  x^  4C  k,  (x^,l) ((k+l)p,l)  »  ((k+l)p-x^ ,0) 
If  one  chooses  (k+l-Xj,0)€  F,  one  obtains  (k+l-x^,0)((k+l)p-x^,0)  »  ((k+1) (p-1) ,1) . 

If  p  ■  1,  the  resulting  situation  is  a  member  of  W  so  that  (x.  ,1)  ( (k+?.)  ,1)6 
for  all  (Xj,l)  satisfying  condition  &  .  The  result  follows  by  induction  on  p. 

Hence  in  any  situation  (1,0)  if  i  £  0  (mod.  k+1),  one  can  choose  an  Integer  x  ;  i 
(mod.  k+1)  such  that  0<x?k  and  such  that  (x,0)(i,0)*y  K^.  Since  the  game 
is  obviously  Progressively  Bounded,  this  yields  a  winning  control  strategy  for 
the  set  of  situations  mentioned. 

For  future  discussions,  it  may  be  worthwhile  pointing  out  that  the  Grundy- 
f unction  M  of  the  graph  of  this  game  la  definable  as  the  smallest  integer  M(l) 
such  that  M(l)  s  1  (mod.  k+1).  Figure  3.S  Indicates  this  fact  for  a  game  with 
i  <  7  for  all  nodes  and  k  »  2.  The  numeral  at  each  node  indicates  the  value  of 
1  and  the  numeral  in  parenthesis  indicates  the  value  of  the  Grundy-Function 

0(0) 


Fig.  3.5 


K0 


The  game  with  n  *  2  cited  in  Section  4,  1b  also  analyzable  in  terms  of  the 
Grundy  function.  However,  this  does  not  shed  any  further  light  on  the  contents 
of  this  book.  It  will  be  analyzed  in  an  entirely  ad  hoc  manner. 
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It  can  be  seen  In  thie  case  Chat  the  situations  ((2p,2q),l)  belong  to 
for  all  p ,q .  For  q  *  p  *  0,  the  situation  belongs  to  W.  Also,  for  all  p  and  q 
the  only  situation  to  which  the  dicturbance  can  move  are  ((2p-l,2q) ,0)  , 

((2p,2q-l) ,0)  and  ((2p-l,2q-l) ,0)  from  which  the  control  can  move  to 
(2(p-l),2(q-l) ,0) •  For  •  •  q  •  0,  and  p  ■  0,  q  ■  1  and  p  »  1,  q  •  0,  then 
( (2p, 2q) ,  1)  is  a  amber  of  K^.  The  result  follows  by  induction. 

One  can  express  the  above  results  by  saying  that  if  the  control  can  reduce 
the  situation  to  the  case  where  both  heaps  are  even,  then  the  disturbance  has 
to  reduce  at  least  one  heap  to  an  odd  number  from  which  the  control  can  move 
always  to  a  "both  even"  situation. 

In  both  of  the  above  cases  the  descriptions  of  was  expressible  in  a 

language  containing  predicates  involving  Ideals  of  integers  modulo  fixed  integers. 
However,  there  was  very  little  Indication  of  an  uniform  procedure  for  generating 
the  description.  One  may  say  that  if  one  has  an  efficient  "pattern  recognition" 
procedure  and  a  pre-defined  knowledge  of  patterns  such  as  equivalences  mod.  k, 
one  can  recognise  these  patterns  through  case  studies,  generating  a  theorem 
(like  ((2p,2q),l)£  ^  K^)  from  the  recognized  patterns  and  proving  them. 

In  some  fortunate  cases,  the  structures  of  sets  like  Kj  and  become 
quite  transparent;  in  others,  techniques  indicated  by  Theorem  3.20  and  3.21 
become  effective.  This  latter  can  be  exemplified  by  the  two  last  classes  of 
games  mentioned  in  Sec.  3. 

One  can  see  that  both  of  these  games  (n  is  any  finite  number,  and 
(3x1)(J»,i’>  Xj  ■  0  end  *^0)  in  the  first  case  end  *s^»  O  x^)  (j>*i  -A  x^-  0 
and  k^xi)0)  for  acme  specified  k  in  the  second  case)  can  be  described  as  sum- 
compositions  of  n  games.  In  the  first  case  <x^  0)  the  value  Grundy-f unction 
of  each  component  graph  at  etch  node  equals  the  number  of  sticks  in  the  heap 
(this  fact  can  be  gleaned  from  a  very  simple  "pattern  recognition",  at  present 
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non-mechanlzable) .  In  the  second  esse,  the  value  of  the  Grundy-Funeelon  at 
each  node  can  be  calculated  by  the  ease  method  aa  indicated  for  the  case  n  ■  1. 

Once  these  Grundy  Functions  are  known,  the  Grundy  functions  of  the  sum  panic  Is 
calculated  by  the  method  indicated  in  rU'''"rem  3.19, 

A  apeciflc  example  will  make  the  procedure  clear.  Let  us  take  the  case 
where  there  are  4  heaps  of  sticks  and  each  move  consists  of  removing  not  more 
than  3  cricks  from  one  of  the  heaps.  Then  the  value  of  the  Crundy  function  for 
the  situation  ((i^i^i^i^)  ,p)  is  MUj)  ©  M(i2)  ©  M(i3>  ®  M(i4)  where  M(ik>  is 
the  remainder  obtained  by  dividing  i^  by  4.  A  winning  strategy  exists  for  all 
situations  where  a  control  is  applicable  and  the  value  of  the  Grundy  Function  is 
not  zero.  For  example,  for  the  situation  ((7, 7, 6, 5) ,0)  the  value  of  the  Grundy- 
funttlon  Is  3($3Q2(£>1*  3.  The  value  can  be  reduced  to  zero,  by  removing 
3  sticks  from  either  the  first  or  the  second  pile,  reducing  the  situation  in  the 
first  case  to  ((4, 7,6,5) ,1) .  Any  disturbance  renders  the  value  of  the  Grundy- 
function  to  non-zero.  As  an  example,  the  disturbance  ((0,0, 0,2)  ,1)  reduces  the 
situation  to  ((4, 7, 6,3) ,0)  whose  Gruddy  function  is  0©  3©  2  ©  3  ■  2.  The 
move  ((0,0, 0,2) ,0)  reduces  the  situation  to  ((4, 7, 6,1) ,1)  whose  Grundy  function 
ls0@3(92(£)l"0.  a  typical  continuation  to  the  end  is  shown  In  Fig.  3.6, 

The  result  of  Theorem  3.19  is  the  strongest  one  known  to  the  author  regarding 
the  calculation  of  Kernels  of  game  graphs.  Other  results  pertinent  to  calculation 
of  Grundy- functions  of  graphs  are  known;  however  the  calculations  are  still  pro¬ 
hibitively  lengthy  except  in  apeclel  cases.  Results  for  parallel  decomposition 
of  graphs  are  available  only  for  cases  where  the  structures  of  the  component  graphs 
obey  severe  restrictions. 

Many  games  do  not  have  evident  decompositions  of  the  type  exemplified  above. 
However,  it  is  believed  that  theorem  3.21  and  various  weaker  forms  may  enable 
the  recognition  of  decomposabillty  in  games  which  are  not  evidently  decomposable. 


« 


(<7,7, 6,5), 0) 


«3,0,0,0),0) 


<(4,?,6,5),1)  ((0,0,0,2.)-i^»  ((4, 7,6, 3)  .0) 

^  ((0,0, 0,2) ,0) 

((1, 7,6,1)  ,0)  <((3.0.°.OM?__  ((4, 7, 6,1)  ,1) 

|  ((1,0, 0,0), 1) 

((0,7, 6,1) ,1)  (<0,0>2,0),1))  ( (0. 7,4.1) .0) 

j,  ((0,2 ,4,1) ,0) 

((0, 2,4,1)  ,0)  ((0, 5,4,1)  ,1) 

((0, 1,0,0) ,0) 

((0,1, 4,1)  ,1)  „(<0*0,2t0>,P^  ((0,1,2,1),0) 

|  ((0,0, 2,0) ,0) 

((o,i, 0,0) ,0)  ((0, 1,0,1), 1) 

^  ( (0, 1 ,0,0) ,0) 

((0,0, 0,0) , 1) 


Fig.  3.6 
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One  My  look  foe  relaxation  of  theae  conditions  by  realising  that  the 

■■j 

relation  R  corresponding  to  the  gama  aay  be  partitioned  into  various  classes 
of  functions  and  one  need  not  restrict  oneself  to  an  unique  act  H  of  functions. 

One  can  try  various  partitions  of  R  (aa  long  as  the  elements  of  these  partitions 
are  easily  describabla)  so  that  the  conditions  of  Theorem  3.21  are  satisfied 
by  one  of  then. 

Another  way  of  relaxing  the  stringent  conditions  Is  to  look  for  an  analogous 
theorem  involving  covers  rather  than  partitions  in  some  manner  analogous  to 
the  way  Hartmanls  and  Steam  develop  their  concept  of  Sat  Systems.  Very  little 
work  has  been  done  in  these  directions  so  far  as  is  known  to  the  author.  A 
large  amount  of  work  nay  have  gone  into  the  calculation  of  Kernels  of  graphs 
composed  by  means  other  than  suamlng:  if  that  is  no,  then  the  paucity  of  the 
results  indicate  that  methods  for  these  may  be  difficult  to  coma  by. 

In  the  rest  of  the  present  chapter  another  method  for  recognising  ^  will 
be  discussed  that  has  been  used  successfully  in  literature. 
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9.  Recognising  Forcing  Ststea  Through  Linger  Evaluation 

One  ofc«n  tries  to  recognise  mbsri  of  0  by  devising  languages  suitable 
to  their  description.  This  language  say  be  constructed  by  a  carefAt  evaluation 
of  its  predicates  with  respect  to  the  rules  of  Che  gas*  (as  portioned  earlier* 
one  technique  for  doing  this  with  respect  to  the  tlc-tac-toe  like  games  will  be 
described  in  detail  later).  Another  way  of  constructing  the  language  eight  be 
to  use  prsdlcatsa  which  have  been  found  useful  in  the  game  (useful  in  some  sense) 
and  try  to  constrict  combinations  of  thee  whose  denotations  hopefully  coincides 
with  W  . 

One  mode  of  combination  of  predicates  that  has  received  a  lot  of  attention 
in  literature  can  be  given  the  general  name  "linear  combination".  In  its  most 
elementary  fora  this  coincides  with  the  aside  of  combination  called  "combination 
by  linear  threshold  gates".  The  predicates,  in  these  caes,  denote  the  equiva¬ 
lence  cleeses  of  the  Kernels  of  functions  napping  the  universe  of  discourse  into 
real  nuabars. 

Let  S  ba  a  sat  and  <p :  S— A  R  be  a  function  mapping  S  into  real  numbers.  The 
Kernel  of  this  map  is  the  equivalence  relation  E  *  defined  as  follows: 

Sj  Esj  If  and  only  if  *f  (a^)  -  (s^) 

This  equivalence  relation  partitions  S  into  disjoint  sets,  yielding  one  set  for 
each  real  number  In  the  range  of  Cp  .  Each  equivalence  class  is  the  denotation 
of  a  predicate  of  the  form*/  (a)  ■  r.  Let  these  predicates  be  represented  by  Pr. 

Let  a  finite  aet  of  functions  defined  on  S  and  let 

jp^r  r  f  r*nft*  ^  ±\  b*  the  **c  °f  predicates  assoclstsd  with  them, 

let  fi Wj. . . be  a  aet  of  reels.  One  can  define  a  new  function  on  s  as  a 
linear  combination  of  the  j, 
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If  the  rang*  of  each  function  ^  €  $  is  finite,  the  Kernel  of  'f defines 
a  partition  of  S  which  is  of  finite  index  and  whose  equivalence  claaaas  ara 
obtained  fron  the  equivalence  classes  of  the  Kernels  of  ^  by  Mans  of  set 
operations. 

Let  each  of  the  be  a  characteristic  function  of  sons  subset  of  S. 

Also,  let  us  define  a  subset  T  of  S  as  follows: 

■  *T  if 

where  is  a  specific  real  number.  Clearly  T  is  the  union  of  a  set  of  equiva¬ 
lence  classes  in  the  Kernel  of  ^ .  The  characteristic  function  of  T  is  often 
called  a  "linearly  separable  function"  of  the  aubsete  defined  by  the  ?  J  and 
their  complements. 

In  what  follows,  attention  will  be  restricted  to  linear  combinations  of 
predicates  in  general;  the  discussion  above  is  included  to  indicate  the  our 
understanding  of  linear  combination  of  predicates  extends  no  further  than  what 
is  understood  about  linearly  separable  functions. 

In  what  follows  it  will  be  shown  how  a  certain  function  ^  can  be  defined 
from  the  set  of  situations  to  reals  in  such  a  way  that  'f'  (s)  exceeds  a  constant 
value  for  all  members  of  Remarks  will  then  be  made  regarding  the  feasi¬ 

bility  of  constructing  ^  (s)  as  a  linear  combination  of  the  other  functions. 

Let  ^S,F,G,W,l]>  be  a  board  game.  Defir?  a  function: 

*-'s  -  xV,  -  8Vc5,^* 

having  the  following  property 

Ll)  ac'W  and  *f'  (s)  implies  s'  C  W 

L2)  SC*  L  and  f(s'K  <f(*)  implies  •*  t  L. 

It  is  clear  that 

Lemma  3.22  (a)  .  (•) . 


Proof;  otherwise  there  exist  real  mashers  y  and  y'  such  that 


/€aw  V(*>Cy<yV  £!*<•>• 

Than  there  exist  sc  W  and  s'fc  L  such  that  y  ■  ^ (s)  and  y*  -  (s')*  But 

than  by  LI  and  L2,  both  a  and  a*  ara  sambara  of  L  and  W.  Since  L  and  W  arc 
disjoint,  this  is  Impossible. 

It  can  also  be  seen  easily  that  if  S  -  ££  p  i  WUL,  then  for 

•ny  .ltu«tlon  it!  -  ,^F  Sf  -  0  (.  Sg  -  “  -  1, 

£u‘*W‘f<.>>  ,lfL  f  <•) 

whence  in  this  case  ^(s)>  -Mj  *t  (s) .  However,  It  la  always  true  that  for 
any  element  stvS  -  f^F  Sf  -  Sg,  *<•»  (s)  implies  s<  W.  If 

F  and  C  are  finite,  one  can  extend  ^  into  ^ ,  defined  over  some  elements  of 

VU<*‘G s«’  “  'oU°”‘ 

r<*>  -*<•>  “  “s  -  tVr  sf  -  s, 

f  (.)  -  if  .  .  gLi0  sg 

^(s)  -  maxjy(f(s))  |  s  *Sf  jj  if  s  (■  f^p  Sf 
In  the  second  and  third  equations  above,  if  the  right  hand  side  is  not  defined, 
then  the  left  hand  side  is  not  defined  either.  Hence  'f/ (a)  may  not  have  S  as 
its  domain.  The  following  however,  la  true. 

Theorem  2.23  In  e  progressively  bounded  board  game  where  ■  ^fw  (a) 

for  some  a^W,  Sf  and  ^(s)^  ^*w  ‘/■'(s)  if  and  only  if  W^. 

Proof ;  Define  a  control  strategy  Qp  as  follows; 

1)  If  ^ (a)  la  not  defined  then  Qp(a)  ■  f  where  f  is  the  first 
clement  of  F  (in  some  given  ordering)  such  that  s  e  Sf. 

il)  If  y (s)  is  defined,  then  Qp(s)  is  the  first  elemant  of  F  (in  the  given 
ordering)  such  that  p(a)(a))  ■  /^(a) .  by  definition  of  ,  such  an  element 


must  exist. 


Qp  In  a  winning  strategy  foe  all  elements  if  aueh  chat 

f (s)£  fU).  To  ■»  this,  let  QG  be  an  arbitrary  disturbance  strategy. 

Let  f( ,0)}  ft,  o’ (a) ,  Define  a  aequence  of  altuatlona  *s  follows; 

*1+1  “  <V,i)<il)  lf  1  lg  *V<n 
8i+l  *  Qg(«i)(«i)  If  i  !■ 

One  can  aee  Immediately  that  for  all  1,  ^(e^)  { »q)  •  This  Is  true  for 

a- “  0.  Let  It  be  true  for  1  /  k.  If  k  la  odd,  then  a^  -  gfs^)  for  ®om*  8*  G* 
By  definition  -T  'j* ,  .  If  k  la  even,  then  by  definition  of 

v  t<vi>  •  r<v- 

Since  the  game  la  progressively  bounded  there  la  a  laat  element  s  of  the 

m 

sequence  s^ . sb<  S  -  f^p  Sf  -  gUf  Sg.  Also  -  ^<«n>  £  H»0> 

(a).  Hence  a  «  W.  Since  Qr  la  arbitrary,  Q_  la  a  winning  strategy  for 

Hi*  W  f  Q  i#  r 

Sq .  Since  a  winning  atrategy  exists  for  *0 ,ao*  H  Ui' 

Conversely,  let  Sq&  ^  W^.  If  k  *  1,  then  there  exists  an  f C  F  such 

that  f(s0)tW  and  hence  s^W  definition  of  ^ , 

^(•0)  ^(a).  Hence  lf  SgaWj,  a^w^(,)’ 

Let  it  be  true  that  lf  eg  ^  U^,  then  ^(s)^  tfu  fc>. 

Let  eft£  W.  .  Then  there  exlats  an  f€  F  such  that  for  all  g(G  such  that 
0  k+1  ^ 

f(a0)C  Sg,  g(f(a0))f  wt,  ^(g(f(a0)))^  tf*<f  (a).  Hence  V’CIfag))  - 
.i.|  y<,«c0)i) |  <f( s).  But  ^<f<«0>)  by  defi¬ 

nition.  Hence  y' (bq).^  /?£  *<•>• 

The  above  theorem  shows  that  lf  ^ (s)  could  be  calculated  for  all  a  for  which 
^  la  defined,  then  a  cautious  atrategy  could  be  applied  for  the  choice  of 
controls.  However,  ^  (s)  cannot  be  calculated  from  definition  with  any  practi¬ 
cable  degree  of  efficiency. 

In  case  one  can  easily  calculate  a  set  of  functlona  <fvfi  mapping 


S  into  reels  such  that 


r~  ^ 
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f  -ulfl  +  V2  ♦•••♦“nfi, 

than  the  predicat* 

is  a  linear  combination  of  the  predicate*  correeponding  to  the  equivalence 

classes  of  the  Kernels  of  the  functions  jv:,j 

Given  e  act  of  functlona  n*  *  calculation  of  ^ would  Involve 

the  search  for  a  set  of  real  numbers  toj »W2 *  * '  *wn *  wlth  th«  two  following 

properties.  For  ell  aiS-^p  Sf  - 

^(aj^^if  and  only  If  s<£W  and  for  all  a«  f^F  Sf 

<f  .  (a)  -  sax  Bin  (g(f(a)>  \  a  cSf  and  f(a)a  si.  In  the  case 

f*  F  g<  Gl  *» 

where  tha^  are  characteristic  functions,  methods  are  known  for  obtaining  the 

^  by  an  adaptive  procedure  when  they  exist  (£5"]  so  that  they  satisfy  the  first 

of  the  tVova  two  conditions.  Sons  of  the  algorithms  also  Indicate  impossibility 

of  fulfilling  the  conditions  when  no  set  ‘  *  which  can  fulfil  it. 

Very  little  theoretical  study  has  gone  into  methods 

when  no  aat*^,*^  •••  exists  which  can  fulfil  it.  Very  little  theoretical 
study  has  gone  Into  methods  for  fulfilling  the  second  condition  even  when  it 
can  be  fulfilled. 

However,  some  excellent  case  studies  have  been  done  by  Sanuel  [0]  on  the 
game  of  checkers  where  certain  adaptive  techniques  have  been  explored  for  the 
calculation  of  the  40^.  Then's  were  calculated  by  giving  suitable  mathematical 
interpretations  to  certain  wall-known  Important  evaluations  of  checker-board 
positions.  The^j  'a  were  calculated  over  a  course  of  many  gaaea  by  adjusting 
them  to  fulfill  the  eecond  condition  above.  The  strategies  resulting  from  the 


■’-*** Y—V.  Wr*  11 
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approximate  descriptions  of  Q  W,  so  obtained  have  yielded  an  extremely  powerful 
checker-playing  program.  There  are  indications  that  by  the  use  of  more  than  one 
"layer"  of  threshold  logic,  a  stronger  program  can  be  obtained.  However,  the 
only  aeehod  available  for  testing  these  strategies  seems  to  be  operational,  to 
wit,  accumulating  statistics  regarding  the  performance  of  the  program  against 
strong  players. 
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